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QUASI COXETER CATEGORIES AND A RELATIVE 
ETINGOF KAZHDAN QUANTIZATION FUNCTOR 

ANDREA APPEL AND VALERIO TOLEDANO LAREDO 



Abstract. Let g be a symmetrizable Kac-Moody algebra and UnQ its 
quantized enveloping algebra. The quantum Weyl group operators of 
UhQ and the universal _R-matrices of its Levi subalgebras endow UhQ with 
a natural quasi-Coxeter quasitriangular quasibialgebra structure which 
underlies the action of the braid group of g and Artin's braid groups on 
the tensor product of integrable, category O modules. We show that this 
structure can be transferred to the universal enveloping algebra (7g[[/i]]. 
The proof relies on a modification of the Etingof-Kazhdan quantization 
functor, and yields an isomorphism between (appropriate completions 
of) UhQ and [/{([[/i]] preserving a given chain of Levi subalgebras. We 
carry it out in the more general context of chains of Manin triples, and 
obtain in particular a relative version of the Etingof-Kazhdan functor 
with input a split pair of Lie bialgebras. Along the way, we develop 
the notion of quasi-Coxeter categories, which are to generalized braid 
groups what braided tensor categories are to Artin's braid groups. This 
leads to their succint description as a 2-functor from a 2-category whose 
morphisms are De Concini-Procesi associahedra. These results will be 
used in the sequel to this paper to give a monodromic description of 
the quantum Weyl group operators of an affine Kac-Moody algebra, 
extending the one obtained by the second author for a semisimple Lie 
algebra. 
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A. APPEL AND V. TOLEDANO LAREDO 



1. Introduction 

1.1. This is the first of a series of three papers the aim of which is to 
extend the description of the monodromy of the rational Casimir connection 
in terms of quantum Weyl group operators given in [TL3, TL4, TL5] to the 
case of an affine Kac-Moody algebra g. 

The method we follow is close to that of [TL4] , and relies on the notion of a 
quasi-Coxeter quasitriangular quasibialgebra (qCqtqba) , which is informally 
a bialgebra carrying actions of a given generalized braid group and Artin's 
braid groups on the tensor products of its modules. A cohomological rigidity 
result, proved in the second paper of this series [ATL2], shows that there 
is at most one such structure with prescribed local monodromies on the 
classical enveloping algebra [/g[[/i]]. It follows that the generalized braid 
group actions arising from quantum Weyl groups and the monodromy of 
the Casimir connection [ATL3] are equivalent, provided the quasi-Coxeter 
quasitriangular quasibialgebra structure responsible for the former can be 
transferred from Ung to [/g[[?i]]. This result is the purpose of the present 
article. 

1.2. Its proof differs substantially from that given in [TL4] in that, for a 
semisimple Lie algebra g, the transfer of structure ultimately rests on the 
vanishing of the first and second Hochschild cohomology groups of C/g[[?i]], 
and in particular on the fact that UnQ and C/g[[?i]] are isomorphic as alge- 
bras, a fact which does not hold for affine Kac-Moody algebras. Rather than 
the cohomological methods of [TL4], we use instead the Etingof-Kazhdan 
(EK) quantization functor [EKl, EK2, EK6], which yields a canonical iso- 
morphism 

^-^^ : C4g ^ IMM] 

between the completions of Urig and J7g[[?i]] with respect to category O. 

Surprisingly perhaps, and despite its functorial construction, the isomor- 
phism does not preserve the inclusions of Levi subalgebras 

UnQD ^ UnQ and UQom] C UQ[[h]] 

determined by a subdiagram D of the Dynkin diagram of g, something which 
is required by the transfer of structure. The bulk of this paper is therefore 
devoted to modifying so that it is compatible with such inclusions. 

1.3. To outline our construction, which works more generally for an in- 
clusion (qd, qd^-, qd^^) C (g,g_,g+) of Manin triples over a field k of 
characteristic zero, recall that the main step in the EK quantization of 
g is the construction of a tensor functor F^^ from the Drinfeld category 
P(i>(g) of (equicontinuous) g-modules with associativity constraints given 
by a fixed Lie associator to the category Vectk^j/jj] of topologically free 
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k[[^]]-modules. The quantization UriQ is then essentially defined as the Hopf 
algebra of endomorphisms of the fibre functor F^^} 

To construct an isomorphism compatible with the inclusion id '■ Qd ^ 
we first construct a relative fiber functor, that is a tensor functor T^) on 
P(i>(g) whose target category is 'D^{q£)) rather than Vect^jj^]], and which 
is isomorphic as abelian functor, to the restriction ij^. Denoting by 
the Etingof-Kazhdan fiber functor for qu, we then show the existence of a 
natural transformation between the composition Ff^^ oTd and F^^. This 
yields the sought for inclusion 

UhQd = End(FB'') ^ End(FB'' o Td) = End(F^'^) = UnQ 

1.4. The construction of the functor To is very much inspired by [EKl]. 
The principle adopted by Etingof and Kazhdan is the following. In a k-linear 
monoidal category C, a coalgebra structure on an object C G Obj(C) induces 
a tensor structure on the Yoneda functor 

he = Homc(C, -) : C ^ Vectk 

If C is braided and Ci, C2 are coalgebra objects in C, then so is Ci and 
there is therefore a canonical tensor structure on /ic'i®C2- 

If Q is finite-dimensional, the polarization Uq ~ M_ (8) M+, where M± 
are the Verma modules ind^^ k, realizes Uq as the tensor product of two 
coalgebra objects in Rep,j,(C/3[[^]]). This yields a tensor structure on the 
forgetful functor 

hue ■■ Rep^{UQ)[[h]] Vectkffr^]] 

Our starting point is to apply the same principle to the (abelian) restric- 
tion functor i*^ : Rep,j,(C/0[[^]]) Rep,j,([/gD[[^]])- We therefore factorize 
Uq as a tensor product of two coalgebra objects L^,Nj^ in the braided 
monoidal category of (g, g£))-bimodules, with associator (<i> • where 
acts on the right. Just as the modules M_,M+ are related to the 
decomposition q = g_ © g+, L_ and are related to the asymmetric 
decomposition 

g = m_ ©p+ 

where m_ = g~ H g^ _,_ and p+ = gs © ITI+. This factorization induces a 
tensor structure on the functor Yd = hL_^N+, canonically isomorphic to ij, 
through the right g£)-action on L_ N^. As in [EKl, Part II], this tensor 
structure can also be defined in the infinite-dimensional case. 



if g is infinite-dimensional, End(_F^'^) is only a topological bialgebra. To remedy this, 
Etingof-Kazfidan first obtain a quantization of ?7g_[[/l]] inside End(_F^'^), and then define 
UhS as the quantum double of UnS-- We will gloss over this point in the Introduction and 
argue as if g were finite-dimensional. 
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1.5. To construct an isomorphism Ff^^ oTd = F^^, we note that the func 
tors F^^^Ff^ factor through the categories Rep(C/;i0) and 'Re^iiUnQn 
spectively, thus yielding a diagram 



re- 



(0) 




> Rep (C/ri0D) 



where the diagonal arrows on the right-hand side are the forgetful functors to 
Vectk[[;i]], and the dotted horizontal arrow on the left-hand side is the sought 
for natural transformation. Since the EK quantization is functorial with 
respect to morphisms of Manin triples such as the inclusion i_D ^ 0_D ^ 5) 
the rightmost triangle can be filled in by adding the quantized pull-back 
functor {ioYfi ' ^^vi^hQ) — >■ ^^viUhQD)-, and we are reduced to constructing 
a natural transformation making the following diagram commute 



2?4.(0) 



-4 Rep(C/ris) 



(0D 




To then remark, as suggested to us by P. Etingof, that a quantum analogue 
of T/) can be similarly defined using a quantum version L^^,N^ of the 
modules L^,N^. The functor = HomjjEKg(-L^ (8) A'^^,— ) is naturally 

isomorphic to (iz))/) as tensor functor, since there is no associator involved 
on this side. Moreover, an identification 

is readily obtained, provided one establishes isomorphisms of {Uj^'^g, U^t'^qd)- 
bimodules 



j,EK ^ pEK 



and 



fE^oF^'^N. 



EK, 



1.6. While for M± it is easy to construct an isomorphism between F {M±) 
and the quantum counterparts of M± , the proof for L_ , A^_|_ is more involved. 
It relies on a description of the quantization functor F^^ in terms of Prop 
categories (cf. [EK2, EG]) and the realization of -L_, A^_|_ as universal objects 
in a suitable colored Prop describing the inclusion of bialgebras qd C g. 
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This yields in particular a relative extension of the EK functor with input 
a pair of Lie bialgebras a, b which is split, i.e., endowed with maps a b 
such that p o z = id. 

1.7. Given that we work throughout with completions of algebras obtained 
as endomorphisms of fiber functors, the transfer structure from UrS to 
C/0[[^]] is more conveniently phrased in terms of categories. Part of this 
paper is therefore devoted to rephrasing the definition of quasi-Coxeter qua- 
sitriangular quasibialgebra in categorical terms. This yields the notion of 
a quasi-Coxeter category, which is to a generalized braid group B what a 
braided tensor category is to Artin's braid groups, and of a quasi-Coxeter 
tensor category. Interestingly perhaps, both notions be concisely rephrased 
in terms of a 2-functor from a combinatorially defined 2-category qC(D) to 
the 2-categories Cat, Cat® of categories and tensor categories respectively. 
The objects of qC(D) are the subdiagrams of the Dynkin diagram D of B 
and, for two subdiagrams D' C D", HomqC(£))(D", D') is the fundamental 1- 
groupoid of the De Concini-Procesi associahedron for the quotient diagram 
D"/D' [DCP2, TL4]. 

1.8. Outline of the paper. We begin in Section 2 by reviewing a number 
of combinatorial notions which will be used in later sections. In Section 3 
we define quasi-Coxeter (tensor) categories. In Section 4, we review the 
construction of the Etingof-Kazhdan quantization functor and the isomor- 
phism ^!^^ following [EKl, EK6]. In Section 5, we modify this construc- 
tion by using generalized Verma modules, and obtain a relative fiber functor 
Td : ^$(0) — 7> 'D^^{q£i). In Section 6 we define the quantum analogues of 
generalized Verma modules. Using suitably defined Props we then show, in 
Section 7 that these Verma modules are isomorphic to the EK quantization 
of their classical counterparts. In Section 8, we use these results to show 
that, for any given chain of Manin triples ending in a given g, there exists a 
quantization of Uq which is compatible with each inclusion and independent, 
up to isomorphism, of the choice of the given chain. Finally, in Section 9, we 
apply these results to the case of a Kac-Moody algebra g and obtain the de- 
sired tranport of its quasi-Coxeter quasitriangular quasibialgebra structure 
to the completion of C/g[[^]] with respect to category O, integrable modules. 

1.9. Acknowledgments. We are very grateful to Pavel Etingof for his in- 
terest in the present work and for many enlightening discussions. 

2. Diagrams and nested sets 

We review in this section a number of combinatorial notions associated 
to a diagram D, in particular the definition of nested sets on D and of the 
De Concini-Procesi associahedron of D following [DCP2] and [TL4, Section 
2]. 
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2.1. Nested sets on diagrams. By a diagram we shall mean a nonempty 
undirected graph D with no multiple edges or loops. We denote the set of 

vertices of D by V(Z?) and set \D\ = \\/{D)\. A subdiagram S C D is a full 
subgraph of D, that is, a graph consisting of a subset V(i?) of vertices of 
D, together with all edges of D joining any two elements of V(S). We will 
often abusively identify such a B with its set of vertices and write i € -B to 
mean i G V(i?). We denote by SD(Z?) the set of subdiagrams of D. 

The union Bi U B2 of two subdiagrams Bi, B2 C D is the subdiagram 
having V(Si) U V(B2) as its set of vertices. Two subdiagrams Bi,B2 C D 
are orthogonal if V(i?i) PI V(i?2) = and no two vertices i € j G -B2 are 
joined by an edge in D. Bi and B2 are compatible if either one contains the 
other or they are orthogonal. 

Definition. A nested set on a diagram D is a collection Ti of pairwise com- 
patible, connected subdiagrams of D which contains the connected compo- 
nents Di, . . . ,Dr of D. 

2.2. The De Concini Procesi associahedron. Let Md be the partially 
ordered set of nested sets on D, ordered by reverse inclusion. Afo has a 
unique maximal element 1 = {-Dj} and its minimal elements are the maximal 
nested sets. We denote the set of maximal nested sets on D by Mns(D). 
Every nested set 7^ on D is uniquely determined by a collection {'Hi}^^^ 
of nested sets on the connected components of D. We therefore obtain 
canonical identifications 

r r 

Nd = W^Di and Mns(L>) = JJ Mns(A) 

i=l i=l 

The De Concini-Procesi associahedron Ad is the regular CW-complex 
whose poset of (nonempty) faces is Md- It easily follows from the definition 
that 

r 

Ad = 11 Ad, 

i=l 

It can be realized as a convex polytope of dimension \D\ — r. For any 
H G Md, we denote by dim(7i) the dimension of the corresponding face in 
Ad- 

2.3. The rank function of Md- For any nested set T-L on D and i? G 7^, we 
set iuiB) = Ui^i where the Bj's are the maximal elements of T-L properly 
contained in B. 

Definition. Set = B \ in{B). We denote by 

n{B;n) = \a^\ and n{n) = ^ {n{B-n) - l) 

Ben 

An element 5 G 7i is called unsaturated if n{B;'H) > 1. 



QUASI-COXETER CATEGORIES AND A RELATIVE EK FUNCTOR 7 

Proposition. 

(i) For any nested set T-L G Nd, 

n{%) = \D\ - \'H\ = dim(?^) 

(ii) If % is a maximal nested set if and only if n{B;'H) = 1 for any 

B en. 

(ill) Any maximal nested set is of cardinality \D\. 

For any F G Mns(-D), B £ F, ij^{B) denotes the maximal element in J- 
properly contained in B and g,jr = B\ij^{B) consists of one vertex, denoted 

For any F G Mns(D), B e F, we denote by Fb G Mns(5) the maximal 
nested set induced by on B. 

2.4. Quotient diagrams. Let B C. D a proper subdiagram with connected 
components Bi, . . . , B^. 

Definition. The set of vertices of the quotient diagram D/B is \/{D)\\/{B). 
Two vertices i ^ j oi D/B are linked by an edge if and only if the following 
holds in D 

i -jL j or j / Bi for some i = 1, . . . , m 

For any connected subdiagram C Q D not contained in B, we denote by 
C C D/B the connected subdiagram with vertex set V{C) \ V{B). 

2.5. Compatible subdiagrams of D/B. 

Lemma. Let Ci , C2 ^ B be two connected subdiagrams of D which are 
compatible. Then 

(i) Ci, C2 are compatible unless Ci _L C2 and Ci, C2 ]/Bi for some i. 

(ii) If Ci is compatible with every Bi, then C\ and C2 are compatible. 

In particular, if F is a nested set on D containing each Bi, then T = {C}, 
where C runs over the elements of T such that C ^ B, is a nested set on 
D/B. 

Let now A be a connected subdiagram oi D/B and denote hy AC. D the 
connected sudbdiagram with vertex set 

V{A) = V{A) U V{Bi) 

i:B,XV(A) 

Clearly, Ai C A2 or Ai _L A2 imply Ai C A2 and Ai ± A2 respectively, so 
the lifting map A ^ A preserves compatibility. 
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2.6. Nested sets on quotients. For any connected subdiagrams A C D/B 
and C C £), we have 

A = A and V = C \J Bi 

i:BiXC 

In particular, C = C if, and only if, C is compatible with -Bi, . . . ,-6^ and 
not contained in B. The applications C ^ C and A ^ A therefore yield a 
bijection between the connected subdiagrams of D which are either orthog- 
onal to or strictly contain each B^ and the connected subdiagrams of D/B. 
This bijection preserves compatibility and therefore induces an embedding 
J^D/B ^ J^D- This yields an embedding 

Md/b xJ^b= J^d/b X X • • • X AAb„) ^ Ud 

with image the poset of nested sets on D containing each B^. Similarly, for 
any B C B' C B", we obtain a map 

U : AfB"/B' X -^B'/B ^ J^B"/B 

The map U restricts to maximal nested sets. For any B C B', we denote by 
Mns{D',B) the collection of maximal nested sets on B'/B. Therefore, for 
any B C B' C B", we obtain an embedding 

U : Mns{B",B') x Mns{B',B) Mns{B",B) 

such that, for any T G Mns{B" , B'),g e Mns{B',B), 

{T\JQ)b'Ib = Q 

2.7. Elementary and equivalent pairs. 

Definition. An ordered pair (^, J^) in Mns(i^) is called elementary if Q 
and T differ by one element. A sequence Hi, ... , 'Km in Mns(D) is called 
elementary if ["Hj+i \ Hi| = 1 for any i = 1, 2, . . . , m — 1. 

Definition. The support supp(J^, Q) of an elementary pair in Mns(I?) is the 
unique unsaturated element of J^CiQ. The central support 3 supp(J^, Q) is the 
union of the maximal elements of T CiQ properly contained in supp(J^, ^). 
Thus 

3 supp(j^, g) = supp(.F, g) \ 

Definition. Two elementary pairs {J^,g), {J^',g') in Mns(D) are equivalent 
if 

supp(j', g) = supp(j'', g') 



supp(T,g) _ supp{T',g') supp{T,g) _ supp{T',g 
f-^jr — ^j^' ^g — g^ 
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3. QUASI-COXETER CATEGORIES 

The goal of this section is to rephrase the notion of quasi-Coxeter quasi- 
triangular quasibialgebra defined in [TL4] in terms of terms of categories of 
representations. 

3.1. Algebras arising from fiber functors. We shall repeatedly need the 
following elementary 

Lemma. Consider the following situation 

C >V 




G 

A 

where A^C^V are additive k~linear categories, F,G,H functors, and a is 
an invertible transformation. If H is an equivalence of categories, the map 
End(G) — > End(-F) given by 

{gw} ^ {M{ay^){gH(v))} 
is an algebra isomorphism. 

3.2. D— categories. Recall [TL4, Section 3] that, given a diagram D, a D- 
algebra is a pair {A,{AB}BeSD{D))^ where A is an associative algebra and 
{AB}BeSD{D) is a collection of subalgebras indexed by SD(Z)) and satisfying 

Ab'^Ab' ifBCB' and [Ab,Ab'] = if B ± B' 

The following rephrases the notion of D-algebras in terms of their cate- 
gory of representations. 

Definition. A D -category 

C = i{CB},{FBB'}) 

is the datum of 

• a collection of k~linear additive categories {Cb}bcd 

• for any pair of subdiagrams B C B', an additive k-linear functor 
Fbb' '■ Cb' Cb^ 

satisfying the following properties 

• For any BCD, Fbb = idcs- 

• For any B C B' C B", Fbb' o Fb'B" = Fbb"- 

• Given B = \_\'j=iBj, with Bj E 50(1?) pairwise orthogonal, the 
images in End(-FB) of the maps 

End(FBj ^ EnA{FB^FB^B) = End(FB) 

pairwise commute. 



When _B = we will omit the index B. 
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Remark. It may seem more natural to replace the equality of functors 
Fbb' oFb'B" = Fbb" by the existence of invertible natural transformations 

Fb b' ° Fb' b" =^ Fb b" for any B B' satisfying the associativity 



a 



B' 
BB" 



constraints a^^,„ o FBB'{ct%', b'") = ^b'b'" ° (^b'b")fb"b"' ^ ^ B' C 

B" C B'" . A simple coherence argument shows however that this leads to a 
notion of D-category which is equivalent to the one given above. 

Remark. We will usually think of Cfjj as a base category and at the func- 
tors F as forgetful functors. Then the family of algebras End(FB) defines, 
through the morphisms a, a structure of D-algebra on End(-Fci)- Conversely, 
every D-algebra A admits such a description setting Cb = Rep As for i? / 



and C0 = Vectfe, Fbb' 



''B'B^ 



where zb'b : C Afi/ is the inclusion. 



Remark. The above definition may be rephrased as follows. Let I{D) be 
the category whose objects arc sTibdiagrams B Q D and morphisms B' ^ B 
the inclusions B C B'. Then a D-category is a functor 

C : I{D) Cat 

3.3. Strict morphisms of D-categories. The interpretation of D-categories 
in terms of I{D) suggests that a morphism of -D-categories C,C' is one of 
the corresponding functors 




Cat 



This yields the following definition. For simplicity, we assume that Cq = Cg. 

Definition. A strict morphism of D-categories C,C' is the datum of 
• for any B C. D, a functor Hb : Cb ^ C'^ 



• for any B C B', a natural transformation 




(3.1) 



such that 



id 

IBB = id//s 

For any B CB' CB", 



IBB" = IBB' O 7B'B" 
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where o is the composition of natural transformations defined by 



Cb" 



Cb' 



Cb 



B" 



(3.2) 




-^C'b, 




B 



The diagram (3.1), with B = induces an algebra homomorphism End(i^^,) - 
End(FB') which, by (3.2) is compatible with the maps End(FB) End(FB') 
and End(F^) End(F^,) for any B C B' . As pointed out in [TL4, 3.3], 
this condition is too restrictive and will be weakened in the next paragraph. 

3.4. Morphisms of Z) categories. 

Definition. A morphism of -D-categories C,C', with C0 = C'^^, is the datum 
of 

• for any B Q D a functor Hb : Cb ^ C'q 

• for any B Q B' and J-" G Mns(-B, B'), a natural transformation 




such that 

• i?0 = id 



iBB = 

for any B Q B' Q B", T G Mns(S, B'), Q € Mns{B' , B" 



T g T\IQ 

1bb'°Tb'B" = Ibb'' 



Remark. For any T € Mns{B'), the natural transformation 7^, induces an 
algebra homomorphism : End(F^,) — )• End(-FB/) such that the following 
diagram commutes for any B ^ T 



End(F;j,) End(FBO 



End(FB) 



End(F^ 

In particular, the collection of homomorphisms defines a morphism of 

i:>-algebras End(F^) End(FD) in the sense of [TL4, 3.4]. 
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Remark. The above definition may be rephrased as follows. Let M{D) 
be the category with objects the subdiagrams BCD and morphisms 
}iom{B',B) = Mns{B' , B), with composition given by union. There is 
a forgetful functor M{D) which is the identity on objects and 

maps T G Mns{B',B) to the inclusion B C B' . Given two D-categories 
C,C' : I{D) Cat a morpliism C — > C as defined above coincides with a 
morphism of the functors M{D) Cat given by the composition 

M{D) > I{D) Cat 

C 

3.5. Quasi— Coxeter categories. 

Definition. A labeling of the diagram D is the assignment of an integer 
rriij G {2, 3, . . . , oo} to any pair i,j of distinct vertices of D such that 

if and only if i _L j. 

Let D be a labeled diagram. 

Definition. The ArfAn braid group B^ is the group generated by elements 
Si labeled by the vertices i G D with relations 

SiSj ■ ■ ■ = SjSi ■ ■ ■ 



for any i ^ j such that rriij < oo. We shall also refer to as the braid 
group corresponding to D. 

Definition. A quasi-Coxeter category of type D 

C={{CB},{FBB'},{^Tg},{S^}) 

is the datum of 

• a D-category C = {{Cb}, {Fbb'}) 

• for any elementary pair [T, Q) in Mns(5, 5'), a natural transforma- 
tion 

^rg e ^ut{FBB') 

• for any vertex i G \/{D), an element 

Si G Aut(Fi) 

satisfying the following conditions 

• Orientation. For any elementary pair {T,Q), 

• Coherence. For any elementary sequences Hi,... , Hm and /Ci , . . . , A^; 
in Mns(S, B') such that Hi = ICi and Hm = JCi, 
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• Support. For any elementary pair {J-',Q) in Mn5{B,B'), let S = 
supp(J', Q),Z = ^ supp(J', Q) Q D and 



77 _ 7r|Supp(J',6) ^ _ ^1 

- Ij supp(^,e;) ^ - ^ Ij supp(J-,0) 



|SUpp(J",6) 



Then 



where the expression above denotes the composition of natural 
transformations 





Fbb'= Fzs ) Fzs 



Fbz 



• Forgetfulness. For any equivalent elementary pairs (/", (J^', 
in Mr\s{B,B') 

• Braid relations. For any pairs i,j of distinct vertices of B, such 
that 2 < rriij < oo, and elementary pair (J^, Q) in Mns(5) such that 
i & J^,j e G, the following relations hold in End(FB) 

Ad(c|.g^)(5,) . 5, . • • = 5, • Ad{^gr){S^) ■ ■ ■ 

where, by abuse of notation, wc denote by Si its image in End(-FB) 
and the number of factors in each side equals niij. 

The elements Si will be commonly referred at as local monodromies. 

Remark. To rephrase the above definition, consider the 2-category qC{D) 
obtained by adding to M{D) a unique 2-isomorphism (pg^ : T ^ Q foic any 
pair of 1-morphisms T,Q E Mns(S',B), with the compositions 



,„BB' „ ,RB' 

Vug °'PgT 



and 



,„BB' „ .„B'B" 



where T.g,n € Mns{B',B), B C B' O B" and J'l,^! G Mns{B",B'), 
^2,^2 G Mns(i?',i?). There is a unique functor c\C{D) -> /(I?) extending 
M{D) I{D), and a quasi-Coxeter category is the same as a 2-functor 
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qC{D) — )• Cat fitting in a diagram 

qC{D) > Cat 



I{D) 

Note that, for any B C B', the category HomqC(£))(S', i?) is the 1- 
groupoid of the De Concini-Procesi associahedron on B' / B [TL4]. 

3.6. Morphisms of quasi Coxeter categories. 

Definition. A morphism of quasi-Coxeter categories C,C of type D is a 
morphism (if, 7) of the underlying L'-categories such that 

• For any i G B, the corresponding morphism : End(F-') 
satisfies 

• For any elementary pair {J-,Q) in Mns(-B,i3'), 
in Nat(Fg^, o Hb'-, Hb o Fbb')-, as in the diagram 



End(Fi; 




Remark. Note that the above condition can be alternatively stated in terms 
of morphisms as the identity 

^'g O Ad(^>g;jr) = M{^'gjr) O ^j: 

3.7. Strict D monoidal categories. 

Definition. A strict D-monoidal category C = {{Cb}, {Fbb'}^ {Jbb'}}) is 
a -D-category C = {{Cb}, {Fbb'}}) where 

• for any B Q D, (Cb^^b) is a strict monoidal category 

• for any B C B', the functor Fbb' is endowed with a tensor structure 
Jbb' 

with the additional condition that, for every B <^ B' CI B", Jbb' ° Jb'B" = 
Jbb"- 
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Remark. The tensor structure induces on End(FB) a coproduct : 
End(FB) End(F|), where := ® o {Fb ^ Fb), given by 

{9v}veCB '-^ {^sigWw ■= M{Jvw)i9v^w)}v,weCB 

Moreover, for any B C B', End{FB) is a subbialgebra of End{FB>), i.e., the 
following diagram is commutative 

End(FB) End(F|) 



EndiFB') End(F|,) 

Remark. Note that a strict £)-monoidal category can be thought of as 
functor 

C : I{D) ^ Cat® 

where Cat^ denotes the 2-category of strict monoidal category, with monoidal 
functors and gauge transformations. 

Definition. A morphism of strict Z)-monoidal categories is a natural trans- 
formation of the corresponding 2— functors M[D) — >■ Cat®, obtained by com- 
position with M{D) I{D). 

3.8. D-monoidal categories. 

Definition. A D-monoidal category 

C=mB,®B,^B)}AFBB'}AJBB'}) 

is the datum of 

• A D-category {{{Cb}-,{Fbb'}) such that each {Cb-,®b-,^ b) is a 
tensor category, with C0 a strict tensor category, i.e., $0 = id. 

• for any pair B C B' and T G Mns{B,B'), a tensor structure J^^ 
on the functor Fbb' ■ Cb' Cb 

with the additional condition that, for any B C B' C B", T G Mns(S", B'), 
Q G Mns(5',S), 

•^BB' '^B'B" — •-'bB" 

Remark. The usual comparison with the algebra of endomorphisms leads 
to a collection of bialgcbras (End(FB), A^, e) endowed with multiple coprod- 
ucts, indexed by Mns(5). 



Remark. A D-monoidal category can be thought of as a functor M{D) 
Cat® fitting in a diagram 

M{D) V Cat® 

I{D) > Cat 
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Accordingly, a morphism of monoidal D-categories is one of the correspond- 
ing functors. 

c 



M{D) 



Cat^ 



3.9. Fibered D— monoidal categories. We shall often be concerned with 
D-monoidal categories such that the underlying categories {Cb,®b) are 
strict, and the functors Fbb' '■ (Cs'i'^B') ~^ (Cbj'^b) ^-re tensor functors. 
This may be described in terms of the category M(D) as follows. Let DCat® 
be the 2-catcgory of Drinfeld categories, that is strict tensor categories (C, 0) 
endowed with an additional associativity constraint $ making {C,iS),^) a 
monoidal category. There is a canonical forgetful 2-functor DCat"^ — > CatQ*. 

We shall say that a £)-monoidal category fibers over a strict D-monoidal 
category if the corresponding functor M{D) — )■ Cat® maps into DCat® and 
fits in a commutative diagram 




> DCat® 



->Cat^ 



M{D) 



In this case, the coproduct Ajr on a bialgebra End(FB) is the twist of a 
reference coassociative coproduct Aq on End(FD) such that Aq : End(FB) — >■ 
End(F|). 

3.10. Braided D-monoidal categories. 
Definition. A braided D-monoidal category 

C = ({(Cb, /3b)}, {iFBB',JBB'}) 

is the datum of 

• a D-monoidal category i{iCB,^B,^B)}, {{Fbb' , Jbb'}) 

• for every B C. D, a commutativity constraint Pb in Cb, defining a 
braiding in {Cb,<Sib, ^b)- 

Remark. Note that the tensor functors {Fbb' , Jbb' ) ■ ^b' Cb are not 
assumed to map the commutativity constraint Pb' to Pb- 

Definition. A morphism of braided £)-monoidal categories from C to C is 
a morphism of the underlying I?-monoidal categories such that the functors 
Hb '■ Cb C'^ are braided tensor functors. 

Remark. The fact that Hb are braided tensor functors automatically im- 
plies that 
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in analogy with [TL4], where Rb = (12) o and we are assuming that 
C0 = C0 is a symmetric strict tensor category. 

3.11. Quasi Coxeter braided monoidal categories. 

Definition. A quasi-Coxeter braided monoidal category of type D 

C = {{iCB,(8)B,'^B, (3b)}, {{Fbb'^J^b')], {^Tg], {Si}) 

is the datum of 

• a quasi-Coxeter category of type -D, 

C = {{CB}AFBB'}.{'^Tg},{S^}) 

• a braided D-monoidal category 

C = {{{Cb,®b,^b,Pb)}A{Fbb'.JP')}) 

satisfying the following conditions 

• for any B C B' ^ and Q,J-^ Mns(i?, B'), the natural transformation 
^j^g € /Kut{FBB') determines an isomorphism of tensor functors 
{Fbb',Jbb') ~^ {Fbb',Jbb')^ ^^^^ is for any V,W e Cb', 

{'^gT)v»w o {Jbb')v,w = {J%B')v.w o {{^gr)v ® {^gr)w) 

• for any i D, the following holds: 

Ai,{S,) = {Ri)f^-{S,^S,) 

A morphism of quasi-Coxeter braided monoidal categories of type D is 
a morphism of the underlying quasi-Coxeter categories and braided D- 
monoidal categories. 

Remark. A quasi-Coxeter braided monoidal category of type D determines 
a 2-functor qC(L') — ?> Cat® fitting in a diagram 



qC{D) > Cat' 




I{D) > Cat 

Note however that this functor does not entirely capture the quasi-Coxeter 
braided monoidal category since it does not encode the commutativity con- 
straints Pb and automorphisms Si. 



4. Etingof-Kazhdan Quantization 
We review in this section the results obtained in [EKl, EK6]. 
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4.1. Lie bialgebras and Manin triples. A Manin triple is tiie data of 
a Lie algebra g with a nondegenerate invariant inner product (,), Q+,Q~- 
isotropic Lie subalgebras, such that 

(Ml) = g+ g_ as vector space 

(M2) the inner product defines an isomorphism g+ ~ gl 
(M3) the commutator of g is continuous with respect to the topology ob- 
tained by putting the discrete topology on g_ and the week topology 
on g+ 

Under these assumptions, g_ is naturally a Lie bialgebra, since the isomor- 
phism g+ ~ gl defines a commutator on gl. This commutator turns out to 
be a 1-cocycle (cf. [Dl]). Notice that, in absolute generality, g+ is only a 
topological Lie bialgebra, i.e. (^(g+) C g+^g^. 

By Manin subtriple we mean a topological Lie subalgebra qd C Q such 
that the restriction (,)|g£, defines an invariant inner product on qd with 
isotropic Lie subalgebras Qd,± such that {5d,9d,+,9d,~) is a Manin triple. 

It is known that, if g_ is N-graded of finite type (i.e. with dim(g_)„ < oo 
for all n G N), then we can formulate the definition of graded Manin triple 
where the isomorphism g_|_ ~ gl is instead an isomorphism with the graded 
dual of g_, i.e. gl = 0„gp}(g-)5^- Under this assumption, g_|_ and then g 
have natural structures of Lie bialgebras. 

4.2. Glossary of topology. Recall few basic definition from [EKl]. Let S 
be a set, T a topological space and the space of maps from S to T. This 
space has a natural weak topology, which is the weakest topology in which 
all the evaluation maps — )• T are continuous. Namely, let B be the basis 
of the topology on T. For an integer n > 1, elements {sj}i=i...„ C S and 
open sets Ui & B, i = 1 . . .n, define 

y(si, ...,Sn,Ui,...,Un):={f eT^ \ f{si) eUi,i = l,...,n} 

Let B be the collection of all such sets Y. This is a basis of a topology on 
which is called weak topology. 

Let k be a field of characteristic zero with the discrete topology. Let V 
be a topological vector space over k. The topology on V is called linear if 
open subspaces of V form a basis of neighborhood of zero. Notice that in 
any topological space, an open subspace is also closed. 

Let y be a topological vector space over k with linear topology. V is called 
separated if the map V — )■ lim{V/U) is a monomorphism, where U runs over 
open subspaces of V. V is called complete if the map V lim{V/U) is an 
epimorphism. 
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In particular, if M is a complete vector space with a countable basis of 
neighborhoods of zero, then there exists a filtration M = Mq D Mi D . . . 
such that n„>oM„ = {0} and {M„} is a basis of neighborhoods of zero in 
M. In this case, M = hm„^oo M/Mn- 

Let M,N be topological spaces over k. We denote by Homfc(M, A'^) the 
space of continuous linear operators from M to N ^ equipped with the weak 
topology. A basis of neighborhoods of zero in Homfc(M, A^) is generated by 
sets of the form Y{v, U) = {A ^ Homfe(M, N) \ Av ^ U], where u G M and 
U d N is w. open set. 

In particular, if N = k with the discrete topology, the space U.onik{M, k) 
is the space of all continuous linear functional on M, which we denote by 
M*. Clearly, a basis of neighborhoods of zero in M* consists of orthogo- 
nal complements of finitc-dimcnsional subspaces in M. In particular, if M 
is discrete (so the topological dual coincide with the algebraic dual), then 
the canonical embedding M — )■ (M*)* is an isomorphism of linear spaces. 
However, if M is infinite dimensional (this implies that M* is not discrete), 
this embedding is not an isomorphism of topological vector spaces since the 
space (M*)* is not discrete. 

Let V, W be complete vector spaces. Consider the space 

V®W := lim{V/V') {W/W') 

where the limit is taken over open subspaces V' C V, W C W. A basis of 
neighborhoods of zero in F^VF is the collection of subspaces Vi^W'+V'^W, 
with V', W' open subspaces in V^W . 

Remark. 

(i) Any discrete vector space V is complete. Moreover, the topological 
vector space M = of formal power series in h with coefficients 
in y is a complete vector space. 

(ii) Let y be a complete vector space, U dV an open set. Then U is 

complete and V/U is discrete. 

(iii) Let V a discrete space. Then y(i)k[[/l]] = V[[K\]. 

The additive category of completed vector spaces, in which morphism are 
continuous linear operators, equipped with completed tensor product ®, is 
a symmetric tensor category. 

Let F be a complete vector space over k. Then the space V^h\\ = F(8)k[[/i]] 
of formal power series in h with coefficients in V is also a complete vec- 
tor space. Moreover, has a natural structure of a topological k[[/l]]- 
module. We call a topological k[[/i]]-module complete if it is isomorphic to 
for some complete V . 
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Let A be the category of complete k[[/i]]-module, where morphisms are 
continuous k[[^]] -linear maps. It is an additive category. We can define a 
tensor product on A to be the quotient of the tensor product by the 

image of the operator 1 — 1 (g) /i. This tensor product will be still denoted 
by (8>. It is clear that, for V,W e A, V®W G A. The category A equipped 
with the bifunctor (g) is a symmetric monodical category. 

We have an extension of scalar functor from the category of complete 
vector spaces to A, V t-^ ^[[^]]- This functor respects the tensor product, 
i.e. (y(8)l^)[[^]] is naturally isomorphic to T^[[^]](8>W^[[^]]. 

4.3. Equicontinuous modules. Let M be a topological vector space over 

k, and {Aj;,x G X} be a family of elements of EndM. We say that the 
family {A^} is equicontinuous if, for every neighborhood of zero U C M 
there exists another neighborhood of zero U' C M such that A^U dU' for 
all X G X. For example, if M is complete and A G EndM is any continuous 
linear operator, then {\A, A G k} is equicontinuous. 
Fix now a topological Lie algebra g. 

Definition. Let M be a complete vector space. We say that M is an 
equicontinuous fl-module if: 

(El) the map ttm : — ^ EndM is a continuous homomorphism of topo- 
logical Lie algebras; 
(E2) {T^M{g)}g&Q is an equicontinuous family of linear operators. 

Example. If M is a complete vector space with a trivial g-module struc- 
ture, then M is an equicontinuous g-module. 

Let y, W be equicontinuous g-modulcs. Then 1/(8)1^ has a natural struc- 
ture of equicontinuous g-module. Moreover, {y^W)^U is naturally iden- 
tified with V®{W®U) for any equicontinuous g-modules V, W, U. The cat- 
egory of equicontinuous g-modules is then a monoidal category. It is also 
symmetric since y^H^ and iy(8>V^ are identified by permutation of compo- 
nents. We denote this category by Rep'"^g. 

Let (g,g+,g_) be a Manin triple. Let {ai,i G /} be a basis for g_ and 
{6j,i G 1} C g+ be the linear functionals on g_ defined by {b'^aj) = 6ij. 

Lemma. Let M be a complete vector space with a continuous homomor- 
phism g — > EndM. Then for all m € M and any neighborhood of zero 
U C M, one has ¥m G U for all but finitely many i E I. 

Proof. A basis of neighborhood of zero in g+ is given by sets 

Yj = {feQ+ I (/,a,) =0} 

Let {is G /} be any sequence of distinct elements. Since for any Yj there 
exists iso G / such that 6** G Yj for s > sq, then lims_^oo b'^" =0. By 
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continuity of the map g — )• EndM, lims_j.oo V'm = for any m € M. This 
means that 5*m € U for almost all i ^ I. □ 

4.4. Verma modules. In [EKl], Etingof and Kazhdan constructed two 
main examples of equicontinuous g-modules in the case when g belongs to 
a Manin triple (0,0+,0-). 
Consider the Verma modules 

Af+ = Indl 1 M_ = Ind^^ 1 

where 1 denotes the trivial 1-dimensional representation. The modules M± 
are freely generated by U{q±) by a vector 1± such that 0^1±. Therefore, 
they are naturally identified as vector spaces to U{q±) via xl± — > x. 
The modules M_ and Mjjl, with appropriate topologies, are equicontinuous 
0-modules. 

Lemma. The module M_ , equipped with the discrete topology, is an equicon- 
tinuous Q-module. 

The topology on comes from the identification of vector spaces M+ ~ 
f^(0+) = Un>o ^(0+)"' where U{Q^)n is the set of elements of degree < n. 
Furthermore we have a linear isomorphism 

n 
j=0 

where S^q+ is the j-th symmetric power of 0+ and, as usual, 5'''g+ = 0^^^ = 
k. Since S^q+ has a natural weak topology coming from the embedding 
5-'0+ — > (0?"')*, the isomorphism defines a topology on C/(0_|_)„. More- 
over, by definition, U{Q+)m is a closed subspace in U{Q+)n- This allows 
us to equip [7(0+ ), and therefore M_|_, with the topology of the colimit. By 
definition, a set [/ C C/ (0+) is open in this topology if and only if ?7nC/(0+)„ 
is open for all n. 

Lemma. For any g G 0, T^M+{g) ^ EndM+ is a continuous operator. 

Consider now the vector space Mjji of continuous linear functionals on 
M_l_. By definition, is naturally isomorphic to lim(C/(04.)„)* as n — t- 00. 
As vector space, (?7(0+)n)* = (5'-'0+)* = »S'''0_. Therefore, it is natural to 
put the discrete topology on (C/(0+)„)*. This equip the module Mj|i with 
a natural structure of a complete vector space. It is also equipped with a 
filtration by subspaces (Mi]l)„ satisfying 

^ (m;)„ ^ m; ^ {u{Q+)nT ^ o 

and such that = lim M^/(M_;)„. 

Remark. The topology of the limit on Mijl does not coincide, in general, 
with the weak topology of the dual. In fact, it is stronger than the weak 
topology. 
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By previous lemma, the dual of the g-action on M_|_ defines a g-action on 
M|. 

Lemma. Mjji is an equicontinuous Q-module. 

Remark, if dim0_ = oo, then M_|_ is not, in general, an equicontinuous 
g-module, since the family of operators {TTM+ig), 9 & 0-} may fail to be 
equicontinuous. 

4.5. The Casimir element. Consider now the tensor product a (8> a* and 
its embedding into End a by (x f){y) = f{y)x, for x,y G o, / G o*. This 
embedding defines a topology on a® a*, obtained by restriction of the weak 
topology in End o. Since the image of oiSio* is dense in End a, the topological 
completion a<S^a* is identified with End a. 

Lemma. Let V,W € Rep'"'* g. The map vry (g) tth/ : a (g) o* End{V i^iW) 
extends to a continuous map a0a* — > End(y(g)I^). 

Let r € aiga* be the element corresponding to the identity operator under 
the identification with Endo. Let r°P G a*(8)a to be the element obtained 
from r by permutation of components. We define the Casimir element by 
Q — r-\-r°P £ a(g)a*eo*(g)a. Clearly, r = ^ai^b^ andU = ^{ai(^b''+¥^ai). 
Consider V,W £ Rep^^g and denote Uyw '■= '^v ® ttw{^)- This endomor- 
phism of y(8)VF is well defined and continuous. Moreover, it commutes 
with the action of g, so it is an endomorphism of ^(gW^ as equicontinuous 
g-module. 

Remark. Although the Casimir operator is defined on the tensor product of 
any two equicontinuous g-modules, the Casimir element C = Yl,{ai}f + Vai) 
has no meaning as an operator on an equicontinuous g-module. 

4.6. Drinfeld category. Let Rep (g)[[^]] denote the category whose object 
are deformed equicontinuous g-modules and 

HomR,p(g)[[,]](t/[[;i]],F[[;i]]) := ^otc,,{U 

Following [D2], we can define a structure of braided monoidal category on 
Repg[[/i]] using a fixed Lie associator $, the bifunctor (g) and the Casimir 

h r-j 

operator O. Define the braiding fiyw = o" o e 2 Let now 7 be the func- 

torial isomorphism defined by "^vw = l^wv clear that 7 is a braiding 
on Repg[[^]]. We denote this braided tensor category Rep^(C/g[[^]]). 

It is an easy exercise to prove that the category of equicontinuous g- 
modules is equivalent to the category of Yetter-Drinfeld module over g_, 
yT)Q-. The equivalence holds at the level of tensor structure induced by 
the choice of an associator <1>. 

4.7. Properties of the Verma modules. The modules M± are identified 
as vector spaces with U{q±). Thus, we can define the maps i± : M± — )■ 
M±®M± given by comultiplication in the enveloping universal algebras 
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U{g±)- These maps are J7(5)-intertwiners since they are J7(5±)-intertwiners 
and map the vector 1± to the g^i-invariant vector 

For any f,g M^, consider the hnear functional M^^- k defined by 
V ^ if 1^ g){i+{v)). This functional is continuous, so it belongs to M^. 
Define accordingly the map i'^ : (g) ->■ M^. It is clear that i"^ is 
continuous and it extends to a morphism in Rep Q[[h]], i'^ : M^(8)M^ M^. 

Let now V G Repg. Consider the space Homg(M_, Mjji(8)l/), where as 
usual Homg denotes the set of continuous homomorphisms, equipped with 
the weak topology. 

Lemma. The complete vector space Honig^M- , M^<SiV) is isomorphic to V 
as topological vector space. The isomorphism is given by f i-^ {l^<Sil, /(!_)). 

Proof. By Probenius reciprocity, Homg(M_, M^(8)y) is isomorphic, as a 

topological vector space, to the space of invariants (M^(S)V)^+ , via / i-^ 
Consider now the space Homfe(M+,F), equipped with the weak 
topology, and the map 

(p : (Mim) Homfe(M+, V) 

given by (l){f'S>v){x) = f{x)v, f G M^,x G M+, v eV. Clearly, ^ is injective 
and continuous. Moreover, restricts to an isomorphism 

: (M;(g)F)fl+ Homg(M+, V) 

Indeed, (p{M^i^Vy+ C Homg (M_|_ , y ) . So, we need to show that any con- 
tinuous g_-intertwiner g : M+ ^ F is of the form 4'{g'), g' G {M^(giVy+ . 
Notice that, since V is complete, we have V ~ limV/U, where the limit is 
taken over the open sets of V. Therefore, we have a canonical isomorphism 
Homfe(M+, V) ~ limHomfe(M+, V/U). 

For any map g G Homg_^(M+, F), g~^{U) n U{g+)n is open in U{g+)n, i.e. 
it is a complement to a finite dimensional subspace. Then composing with 
the projection pu : V V/U, the map gu '■= Pu ° g sends into a 

finite dimensional linear subspace in V/U and, taking the limit 

{MX®Vf+ = lim lim ((i7(fl+)„)* ® V/U) 



Homg^(M+,y) = hm hm Homg^(([/(0+))„,F/C/) 

it is possible to determine g' G (M^(8)F)''+ such that g = (j>{g'). 

By Frobenius reciprocity, the space Homg^(M_|_, V) is isomorphic to V as 
a topological vector space via / i— )■ /(1+). The lemma is proved. □ 
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4.8. The fiber functor and the EK quantization. Let F be the functor 
Rep^{UQ-[[h]]) A given by 

F{V) = Hom(M_, M; O V) 

There is a natural transformation 

J G Nat{(g) o {FMF),F o(g)) 

defined, for any v G F{V),w G F{W), by 

Jvw{v (g) = (iX 1 O l)A-'^/32iA{v ^ w)i^ 

where A is defined morphism 

(Vi ^2) O (Vs ® Va) -^Vi® {{V2 ® F3) Vi) 

by the action of (1 (gi $2,3,4)'^*i,2,34- 

Theorem. The natural transformation J is invertible and defines a tensor 
structure on the functor F. 

The tensor functor {F, J) is called fiber functor. The algebra of endo- 
morphisms of F is therefore naturally endowed with a topological bialgebra 
structure, as described in the previous section.^ 

The object F(M_) G A has a natural structure of Hopf algebra, defined 
by the multiplication 

m : F(M_) (g)F(M_) F{M^) m{x,y) = (i^ ® 1)^>"^(1 y)x 

and the comultiplication 

A : F(M_) ^ F(M„) F(M_) A(x) = J"^(F(i_)(x)) 

The algebra F(M^) is naturally isomorphic as a vector space with M_[[/i]] ~ 
UQ-[[h]] and 

Theorem. The algebra U^^g- = F{M-) is a quantization of the algebra 

t/g-. 

In [EK2], it is shown that this construction defines a functor 

Q^^ : LBA{V) QUE{K) 

where LBA[\() denotes the category of Lie bialgebras over k and QUE(K) de- 
notes the category of quantum universal enveloping algebras over K = k[[^]]. 
Another important result in [EK2] states the invertibility of the functor 
Q^^ , obtained using the action of the Grothendieck-Teichmiiller group. 

The map 

m_ : f/^f^g- ^ End(F) m-{x)viv) = {il (g) 1)$-^(1 v)x 

^Hy topological bialgebra we do not mean topological over k[[fi]]. We are instead 
referring to the fact tiiat the algebra End(-F') has a natural comultiplication A : End(_F) — > 
End(F^), where End(F^) can be interpreted as an appropriate completion of End(_F')® . 
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where V G 3^^^$(f70-[[?i]]) and v E F{V), is, indeed, an inclusion of Hopf 
algebras. The map m_ defines an action of U]^^g- on F{V). Moreover, the 
map 

F{V) ^ F{M^) ^ F{V) v^Rj{l^v) 

where Rj denotes the twisted i?~matrix, defines a coaction of U^^Q- on 
F(V) compatible with the action, therefore 

Theorem. The fiber functor F : 3^I'$(C/0_[[?i]]) — t- A lifts to an equivalence 
of braided tensor categories 

F^^ : yv^{UQ-m]) ^ yviu^'^Q.) 

The fact that F^^ is an equivalence of categories is a consequence of the 
invertibility of Q^^ . 

4.9. Generalized Kac-Moody algebras. Denote by k a field of charac- 
teristic zero. We recall definitions from [K] and [EK6]. Let A = {aij)ij£i be 
an n X n symmetrizable matrix with entries in k, i.e. there exists a (fixed) 
collection of nonzero numbers {dijigi such that diaij = djOji for all i,j S I. 
Let (f),n,n^) be a realization of A. It means that {) is a vector space of 
dimension 2n — rk(A), 11 = {ai, . . . , a„} C t)* and H"^ = {hi, . . . , C i) 
are liner ly independent and (oj, hj) = aji. 

Definition. The Lie algebra g = g(A) is generated by f), {ej, with 
defining relations 

[h,h']=0 h,h'el); [h,ei] = {ai,h)ei 

[h, fi] = -{ai,h)fi; [ci, fj] = 6ijhi 

Assume that A has been fixed. There exists a unique maximal ideal r in 
g that intersect f) trivially. Let g := g/r. The algebra g is called general- 
ized Kac-Moody algebra. The Lie algebra g is graded by principal gradation 
deg(ei) = l,deg(/j) = — l,deg({)) = 0, and the homogenous component are 
finite-dimentional. 

Let us now choose a non degenerate bilinear symmetric form on f) such 
that {h,hi) = d~^{ai,h). Following [K], there exists a unique extension of 
the form (, ) to an invariant symmetric bilinear form on g. For this exten- 
sion, one gets {ei,fj) = 6ijd^^. The kernel of this form is r and thus the 
form descends to a non degenerate form on g. 

Let n±, b-t be the nilpotent and the Borel subalgebras of g, i.e. n± are 
generated by {cj}, {fi}, respectively, and b± := n± © f). Since [n-t, f)] C n-t, 
we get Lie algebra maps ~ : b± — t- f) and we can consider the embeddings of 
Lie subalgebras ry-t : b-t — >■ g © f) given by 

r]±{x) = {x, ±x) 

Define the inner product on g © {) by (, )g0(, = (, )g — (, )(). 
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Proposition. The triple (g i), b+, b_) with inner product {, )g®i, and em- 
beddings r]± is a graded Manin triple. 

Under the embeddings rj±, the Lie subalgebras h± are isotropic with re- 
spect to (,)g®(). Since (,)g and (,)(, are invariant symmetric non degenerate 
bilinear form, so is (,)g©f). 

The proposition implies that f), b+, b_ are Lie bialgebras. Moreover, 
b+ ~ b^°^ as Lie bialgebras (where * denotes the restricted dual space and 
by cop we mean the opposite cocommutator). The cocommutator 5 on these 
algebras is easily computed: 

5{h) =0, /i G f) C b±; 

^{(^i) = ^{di ® hi - hi ® Ci) = A hi] 5{fi) = ^fi A hi 

The Lie subalgebra {(0, /i) | /i G {)} is therefore an ideal and a coideal in 
g f), and so the quotient g = (0 0f))/f) is also a Lie bialgebra with Lie 
sub-bialgebras b± and the same cocommutator formulas. 

4.10. Quantization of Kac Moody algebras and category O. In[EK6], 
Etingof and Kazhdan proved that, for any symmetrizable irreducible Kac- 
Moody algebra g, the quantization UJ^^q is isomorphic with the Drinfeld- 
Jimbo quantum group UriQ- 

In particular, they construct an isomorphism of Hopf algebras C/rjb+ ~ 
C/|'^b+, inducing the identity on C/f)[[?i]], where b+ is the Borel subalgebra 
and is the Cartan subalgebra of g. Thanks to the compatibility with the 
doubling operations 

VUiH+ ^ C/rf^Db+ 

proved by Enriquez and Geer in [EG] , the isomorphism for the Borel subal- 
gebra induces an isomorphism Un.g ^ U^^g. 

Recall that the category O for g, denoted Og is defined to be the category 
of all f)-diagonalizable g-modules V, whose set of weights P{V) belong to a 
union of finitely many cones 

D(As) = As + ^Z>oai As G f)*,s = l,...,r 

i 

and the weight subspaces are finite-dimensional. We denote by C'g[[^]] the 
category of trivially deformed g-representations,ie., representations of g on 
topologically free k[[^]] -modules with the above properties (with weights in 

mm- 

In a similar way, one defines the category Ou^g- it is the category of 
UfiQ-iaodvles which are topologically free over k[[fi]] and satisfy the same 
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conditions as in the classical case. 
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The morphism of Lie bialgebras 
gives rise to a pullback functor 

where Og^^ denotes the category Og with the tensor structure of the Drinfeld 
category. Similarly, the morphism of Hopf algebras 

gives rise to a pullback functor 

Theorem. The equivalence F^^ reduces to an equivalence of braided tensor 
categories 

which is isomorphic to the identity functor at the level of [}-graded k[[?i]]- 
modules. 

4.11. The isomorphism In [EK6], Etingof-Kazhdan showed that 

the equivalence F^^ induces an isomorphism of algebras 

where 

UQ = limUi3 Ufs = UQ/Ip,^eN' 

Ip being the left ideal generated by elements of weight less or equal /3 (anal- 
ogously for UhQ, cf. [EK6, Sec. 4]). 

Proposition. The isomorphism "^^^ coincides with the isomorphism in- 
duced by the equivalence Fq^ , as explained in Section 3.1. 

Proof. The identification of the two isomorphism is constructed in the 
following way: 

(a) First, we show that there is a canonical map 

End(J-o)^CE,d(f7)(Endg([/)) 

(b) There is a canonical multiplication in [/, so that 

(i) There is a canonical map 

CEnd(f/)(Endg(f/))^^ 
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(ii) For every V (z O the action of Uq lifts to an action of U 
Uq > End(y) 




U 



(c) It defines a map U — ?> End(Jx') ^ind we have an isomorphism of 
algebras 

U ~ End(J'o) 

□ 

If is a semisimple Lie algebra, the equivalence of categories F^^ leads 
to an isomorphism of algebras 

C/(Db+)[[^]] ~ VUiH+ =^ Ugm] ~ Ung 

which is the identity modulo h. Toledano Laredo proved in [TL4, Prop. 3.5] 
that such an isomorphism cannot be compatible with all the isomorphisms 

where are the simple roots of g. This amounts to a simple proof that 
the isomorphism cannot be, in general, an isomorphism of D-algebras. 

5. Generalized Etingof-Kazhdan functor 

5.1. In this section, we define parabolic subalgebras induced by an inclusion 
of Manin triples 

in ■ {9d,Qd,+,Qd-) ^ (0,0+, 0-) 

and define a relative version of the Verma modules M_|_ , M_ . We then use 
these to prove the following 

Theorem. There is a tensor functor 

T : Rep^iUgm]) ^ Rep$^(/70z5[[^]]) 

canonically isomorphic to the restriction functor i*^ . 

5.2. Parabolic Lie subalgebras. Given an inclusion of Manin triples io '■ 
0D C 0, we denote by xn± the subspaces 

nii = 0± n (0d,t)"^ 

Proposition. 

(i) The subspaces m± C g_|_ are ideals in q±, so that 

0± = tn± X qd,± 

(ii) [m±,gi:)] C m± so that the subspaces 

p± = m± X qd 
are Lie subalgebras of q. 
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(iii) // the inclusion id is compatible with a finite N -grading, then the 
Lie subalgebras m± C q± are coideals, i.e., 

(5(m±) c m± (g) gD,± + Sd,± <^ m± 

and p± are Lie subbialgebras with homomorphisms of Lie bialgebras 

P± C g Qd 

Proof. For any x G tn+ and yi,y2 € Qd, 

(k,2/i],y2) = {x,[yi,y2]) = 

and therefore [tn_|_,0/)] C m+. For any xi,X2 G m_|_ and y G 2d-^ we have, 
since Qd- is a Lie sub-bialgebra of 0_, 

{[xi,x2],y) = {xi®X2,5{y)) ={) or ([xi, 2:2], y) = (xi, [x2, y]) = 

since [a;2,y] G nx+ C 0+ that is isotropic. Therefore m_|_ is a Lie subalgebra 
of 0+. On the other hand, for any x G m+ and yi, y2 £ Qd-, 

{5{x),yi (g)y2) = {x, [yi,y2]) = 

and 5(tn+) C m+ (gi 0+ + 0_|_ (g) m+, but m+ is not in general a Lie sub- 
bialgebra. Analogously for m_. 

Wc then get a vector space decomposition gj- = m± © 9d,± and a Lie bial- 
gebra map g± -> Qd,±- It is also possible to define the Lie subalgebras 

If we assume the existence of a compatible grading on and 0£), as explained 
above, then the natural maps 

P± C P±^9d 

are morphisms of Lie bialgebras. This completes the proof of the proposition. 

□ 

5.3. Diagrammatic Lie bialgebras. Assume now that is a Kac-Moody 
algebras of Dynkin type D^. For any connected Dynkin subdiagram D C 
Dg, we can identify a Lie sub-bialgebra qd C 0. Moreover, the Manin 
triple attached to Qd, {Qd®^d, ^0,+, ^d,-), is a graded Manin sub-triple of 
(0©t),b+,b_). 

5.4. The relative Verma Modules. 

Definition. Given a sub-Manin triple 0d C and the subsequent decom- 
position = m_ © p+, we define the relative Verma modules 

L_ = indg^ 1 N+= m<i^_ 1 

Lemma. For any sub-Manin triple Qd C g, the g-modules L-,N^ are 
equicontinuous. 
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5.4.1. Equicontinuity of As vector spaces, 

L_ =Ind0^1 ~ Um- 

so it is natural to equip -L_ with the discrete topology. Consequently, condi- 
tion (el) becomes trivial and condition (e2) reduces to verify that, for every 
element v £ the set 

Y^ = {b€Q+\ b.v = 0} 

is a neighborhood of zero in g+. Since f7m_ embeds naturally in Uq^ the 
proof is identical to [EKl, Lemma 7.2]. 

We proceed by induction on the length of f = a^^ ...aj^l__. If n = 0, 
then V = 1- and = 3+. If n > 1, then assume v = ajw, with w = 
o-ii ■ ■ ■ and Yw open in g^. For every x G Q+ 

x.v = x.{ajw) = [x,aj\.w -\- {ajx).w 

Call Z the subset of 0+ 

Z = {x e Q+\ [x,aj] G Yw] 
Z is open in by continuity of bracket [, ], and clearly Z CiY^ CYy. 

5.4.2. Equicontinuity of N^. As a vector space, 

iV+ = Ind9^_ 1 ~ Up^ ~ cohm Unp+ 
where {C/„p+} is the standard filtration of Up+ and 

n n j 

UnP+ ^ S^P+ ^00 iS^-'9+ ® S'dD,-) 

j=0 j=0 i=Q 

We turn this isomorphism into an isomorphism of topological vector spaces, 
taking on S^~^Q+ and S'''Qd- the topology induced by the embeddings 

With respect to this topology, Ump+ is closed inside Unp+ for m < n. 

is therefore equipped with the topology of the direct limit, i.e. U C is 

open iff f7 n C/nP+ is open for each n. 

In order to define the structure of g-module on we need the following 
lemma. 

Lemma. Let g (z Q. The map Tr]\f^{g) : — > is a continuous operator. 
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Proof. Let g q. We need to show that for any neighborhood of the 
origin U C A^+, there exists a neighborhood of zero U' C such that 
'^N+{g)U' C U. Since the topology on S'^qd- is discrete, C/ is a subset 
of the form U ®\ and the construction of U' fohows from [[EKl], Lemma 
7.3]. □ 

As vector spaces, then, we have 

Nl ~ (C/p+)* ~ Um(;7„p+)* 

Define a filtration of N^, {{Nl)n}, by 

^ (iv;)„ ^ (c/p+)* ^ (c/np+)* ^ 

So we have 

A^; D (A^;)o ^ (iv;)i ^ • • • ^ (A^;)n (iv;)n+i ^ • • • 

and 

iv;~iimiv;/(iv;)„ 

Lemma, {ttjv* (5')}geg ^-5 o'l- equicontinuous family of operators. 

Proof. Let /„ G (A'+)n, i-e. / G Homk(A^+,k) such that f\u„p+ = 0. Since 
g acts on simply by multiplication, clearly, if g G p+, g.fn restricted to 
Un~ip+ is the zero map. So 

g.{Nl)n c (A^;)„-i 
If 5 G m_ and Xi G J7p+ for i = 1, . . . , n, then in C/g we have 

n 

gXi---Xn = Xi- --Xng -^^i' ■ ■ Xi-i[Xi, g]xi+i ■■■Xn 

i=0 

where [xi,g] G g. Iterating, we get {g.f){xi ■ ■ ■ Xn) = 0, therefore 

g.{Nl)n C {Nl)n C (iV;)„-l 

Then, for any neighborhood of zero U = {N^)n, it is enough to take U' = 

{Nl)r^+l to get 

vrAr;(g)(iV;)„+i C (Af;)„ G g 

□ 



Lemma. The map tt^v* : g End(A^Iji) is a continuous map. 
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Proof. Since 0_ is discrete, it is enough to check that, for any / G and 
n e J\f, the subset 

Y{f,n) = {be9+\b.fe{K),,} 

is open in g+, i.e. 

b\f e (iV;)„ for a.a. i G I 
Since / G -/V+ ~ lim Nl/{N*)n, wc have / = {/„} where /„ is the class of / 
modulo {N^)n- Therefore b\f G {N^)n iff 

ib'.f)n = h\fn+l = 

Now, for any xi - ■ ■ Xn ^ we have 

h\fn+l{xi ■■■Xn) = -fn+lip^Xi • • • X^) = 

for a.a. f G / and the lemma is proved (it is enough to exclude the indices 
corresponding to the generators involved in the expression of /n+i)- 

As a vector spaces, we can identifies 

p; = s; e oh- ^ fl- e 0D,+ = p- 

We can give as a basis for p+ and p_ 

P+ ^ {{^'}je/>{Or}re7(D)} P- {{OiW, {&''}r67(D) } 

and obvious relations 

{h\aj) = 5ij (6^6'•) = 

(ttr , Oj) = (Or, 6*) = 5rs 

with i,j E: I, r, s & I{D). We can then identify fn+i with an element in 
C/„+ip_. Call T„+i(/) the set of indices of all involved in the expression 
of fn+i- Excluding these finite set of indices we get the result. □ 

5.5. Properties of relative Verma modules. Let (0,0+,0 ) be an arbi- 
trary Manin triple, (0D5 0D,+ 7 0_D.-) a sub-Manin triple and Rep$(?70[[?i]]) 
be the Drinfeld category associated to 0. Let A^+,L_ be the relative Verma 
modules defined as before. The module are identified, respectively as topo- 
logical vector spaces with 

iV+ ~ Up+ L_ ~ C/m_ 

Thus, we can define the maps z+ : Nj^ — )■ N^^N^, : —> L^®L- 
given by comultiplication in the universal enveloping algebras C/p+, Um.-. 
These maps are C/0-intertwiners, since they are J/p^-intertwiner and C/m_- 
intertwiner, respectively, and they map the vector 1± to the m_-invariant 
vector 1+ (g) 1+ and the p+-invariant vector 1_ (g) 1_, respectively. 

Lemma. We have 
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Proof. To prove the first identity it is enough to notice that, since 0+1- = 

and 0, = ^{tti (g) 6* + 6* (g) aj), 

ai(i?') = o 

Then $(1®^) = i®^. To prove the second identity, we should notice that 
m_l-|- = and that we can rewrite 

0= '^{aj^V+V(^aj)+ ^ (ai^b'+b'^ai) = ^ {at^b'+b'^ai) 

J&Id i&I\lD ieI\lD 

where {aj}je/£j is a basis of Qd - and {V}jeiD the dual basis of Qd,+- 
Then 

and, since for any element g Qd, the right and the left Qi^-action coincide 
on i.e. 5.1+ = i+-g, we have 

0,,(lf ) = {lf)nn,^, 

and consequently ^(if^) = (lf^)$D- □ 

Following [D3, Prop. 1.2], we consider the invertible element T € Uq 
UQ[[h]] satisfying relations: 

(50 50 5)(^>32i) . (T® 1) • (A«)l)(r) = (10T)(1® A)(r) 

TA(5(a)) = (S0S)(A(a))T 

Let A'^^ be as before and f,g(z N^. Consider the linear functional k 
defined by 

V ^ if ® g)iT ■ i+{v)) 

Since the action of T on A^+® is continuous, this functional is continuous, 
so it belongs to and allow us to define the map 

GHomk(iV;®iV;,iV;)[[?i]] , il{f0g){v) = if g){T ■ i+{v)) 

This map is continuous and it extends to a map from N^^N^ to N^. We 
have 

iliaU g))iv) = (/ g){{S ® S){A{a))T.i+iv)) = 
= {f(^g){TA{S{a)).^+iv)) = ^l{f®gKS{a).v) = {a.iHf ® g))iv) 

and then G Homg(iV;(g)iV_;, iV_;)[[;i]]. 

Lemma. We have the following relations: 

(a) (i_ (g) = (1 (g)?_)i_ in Homg(L_,L?^); 

(b) for any f,g,hG M^, we have 

® iD'^^if ®g^h) = il{i}i® l)^z)(/ ^g^h) 
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Proof. The comultiplication in C/m_ is coassociative, i.e. (i_ l)i-{x) = 
(1 (8) i-)i-{x). It is enough to show that for any vector x € L- 

(g) l)i_(x) = (1 ® 

This is a consequence of Lemma 5.5 and (a) is proved. 
To prove (6), consider v € N+, then 

= (/i ® 5 ^ f){iS^\^''') • (T ^ 1) • (A ® i)(r)) ■ (n ^ = 
= (/i O 5 ^ /)((! ® ^ A)(r) • «>(n «) l)i+{vl+)) = 
= (/i O 5 ^ /)((! ® A)(r)(l «) i+)i+(7;l+)^>z3) = 

= ((/i 5 ^ T)(1 ^ A)(T)(1 = 

and (6) is proved. □ 

5.6. The fiber functor over g/j. To any representation V^[[?i]] G Rep0[[?i]], 
we can associate the k[[^]]-module 

TiV) = Homg(L_,7V;®y)[[?i]] 

denoting by Homg the set of continuous homomorphisms, equipped with the 
weak topology. 

Lemma. The complete vector space Homg(L_, iVjJl(X)y) is isomorphic to V 
as topological vector space. The isomorphism is given by 

for any f G Homg(L_, iV,:]:®^). 
Proof. By Frobenius reciprocity 

as a topological vector space via / i-^ /(I-)- Consider the space Homk(A^+, V) 
of continuous linear functional from A*".!, to V equipped with the weak topol- 
ogy and the map 

<p : (iV;®y) ^ Homk(iV+, V) (pif v){x) = f{x)v 

for / G A^j^, X G A^+, v . Clearly, (j) is injective and continuous and 

<t>{{NX®Vf+) C Homp^(7V+,y) 

Indeed, for any p G p+, f ^ v G {N^(S>Vy+ , we have = p-{f ® v) = 
P-f (8) f + / (8) p-v and consequently 

(/)(/ (g) = f{p.l+)v = {-p.f){l+)v = (Pi-p.f 0v) = 

= (pif^p.v) = f{l^)p.v = p.f il-)v = p.cpif ® v){l+) 
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We want to show that (p is surjective. RecaU that V ~ hmt/i^v' V/U, where 
U is an open hnear subspace in V. For any map g G }lom.p^{N-^-,V), 
g~^{U) n {Up+)n is open in (?7p+),„, i.e. it is a complement of a finite 
dimensional subspace (we are using the assumption that dim go < oo, oth- 
erwise, being g^,- discrete, it is in general possible to consider open subset 
that are complement of an infinite dimensional subspace). Then, composing 
with the projection VTf/ : V —?■ V/U, the map gu := iTjjog sends (?7p_|_)„ into 
a finite dimensional linear subspace in V/U and, taking the limit in 

(7v;®y)P+ =lim^im((C/p+);®y/C/) 

Hom^^(iV+, V) = lim lim Hom^^ ((?7p+)„, V/U) 

•■^^ n UCV 

it is possible to determine g' G {N^^Vy+ such that g = 4>{9')- 

By Probenius reciprocity, the space Homp^ [Nj^ , V) is isomorphic to V as 
a topological vector space via / /(1+). The lemma is proved. □ 

Unless otherwise specified, we will denote with Hom^ the set of continuous 
morphisms. We can easily define a g/j-action on FiV) using the right qu- 
action on N^. In particular, for / G r(y) and g G Uqd, g-f G ^{V) is 
defined by 

{g.f){x) = f{x){S{g)^l) 

for X G M+. 

Lemma. The isomorphism ay : r(y) ~ ^[[^]] is an isomorphism of Qd- 
modules. 

Proof. For any g G Qd, we have g.l- =0 and 

= = A(<7)/(1-) = (ff 1 + 1 ® 

for any / G F{V). Then, if = J2fr^Vre N^^V, 

avig.f) = 

= -(1+0 1)/(1_)(5 1) 

= J2fr{g-i + )Vr 

= -(1+0 1)(5®1)/(1-) 

= (1+0 1)(1®5)/(1_) 
= 5.(1+^1)/(1_) 
= 9-av{f) 

□ 

As a consequence, r(y) is isomorphic to V as equicontinuous gij-module. 
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For any continuous ip G Homg(y, F'), define a map T{ip) : T{V) — > T{V') 

by 

This map is clearly continuous and for all gi G g^) 

rM(5./)(i_) = -(1 ^ 'f)f{i-){g ®i) = -(r(<^)/)(i_)(5 ® r(^)/)(i_) 

thenr(<^) GHom0^(r(F),r(F'))- 
Finally, it is clear that the diagram 

V{V)^^T{V') 



n]] v'[ 



ay I 



is commutative for all (p G Homg(F, F'). Then, we have a well-defined 
functor 

r : Rep^-^ UQ[[h]] -> Rep^^ UQD[[fi]] 
that is naturally isomorphic to the pullback functor induced by the inclusion 
in '■ Qd '-^ Q via the natural transformation 

av : nV) ~ i*DV[[h\\ 

5.7. Tensor structure on F. From now on, when no confusion is pos- 
sible, we will denote the tensor product in the categories Rep$(?7g[[^]]), 
R'6p$^(i7gD[[^]]) by (8). Denote by 

Si234 : {Vi (g) V2) ® (F3 «) Vi) ^ Vi (g) ((^2 ® V^3) ® Vi) 

the composition 

{Vi®V2)®{V3®V^) Vi®{V2®{Vi®V^)) ^ Vi®{{V2®Vi)®Vi) 

and by 

^1234 : (^1 ® ® (V^3 ® Vi) {Vi (g) {V2 (2> 1^3)) (8> V4 
the composition 

(1^1 F2) (^3 ® "^^4) ((V^l <g V2) (g) Fs) (g F4 (Vi ® (^2 ® V^3)) ® V^4 

For any v G r(F), w G F(VF), define Jvwiy ® w) to be the composition of 
morphisms 

L_ ^ L_ g) L- (iv; F) ® (A^; g) VF) -4 A^; ® ((f ® iv;) ® vf) ^ 
^ A^; (g ((at; (g F) (g VF) ^ (Ar;®A^;)0(F®M^) A^;(g(y(gVF) 

where the pair {A, A') can be chosen to be (-B^v* ,y,iv* -S^l j^* vw) (^^ 
in the above diagram) or {B'j^* y j^* , B'~} y^^) . 
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The map Jvwiy ® w) is clearly a continuous g-morphism from L_ to iVjji ® 
(y (8) W), so we have a well-defined map 

Jvw ■■ r(F) T{w) r{v ® w) 

Proposition. The maps Jvw o,re isomorphisms and define a tensor struc- 
ture on the functor V. 

Proof. It is obvious that the map Jvw is an isomorphism, since it is an 
isomorphism modulo h. Indeed, 

Jvw{v ®w) = {i*^ ® l)(i ® s® l)(y ® w)i- mod h 

To prove that Jvw define a tensor structure on F we need to show that, for 
any Vi G Mg the following diagram is commutative: 

(r(Vi) ® r(V2)) ® T(V3) > r{Vi o V2) ® r{V3) -4 r((yi ® V2) ® Vs) 

r(*i23) 

r(Vi) (r(y2) ® r(V3)) > r{Vi) ® t{V2 » Vs) > r(Vi o (Va (g) Vs)) 

For brevity, we will denote Jij the map Jvi,Vj and Ji'g,j^k the map Jy^igiyj-jVfc- 
For every Vi G r(Vi), i = 1, 2, 3, the map r($) Ji02,3('/i2 <8) 1) corresponds to 
the composition: 

r($) Jl®2,3(Jl2 <S) l){vi t;2 O fs) = 

= (1 O ® 1^3)^4(1 ^ /3i^2,iV* 1)^3((«; 1^^)(^2 ^10 1) 



where 



(1 /3iv* ,1 ® (g) 1 l)(t;i (^V2(E) V3){i- O 

^1 = -BAf|,l,7V*,2 ^3 = -BAr|,l(g)2,Ar*,3 

A2 = -S7v*,Ar*,i,2 ^4 = -SAr*,Af*, 102,3 

illustrated by the diagram 

i— 

L_ ^ L- (g) L_ )^ (L_ (g) L_) L_ 

((iv; ® Vi) (g) (iv; (g) V2)) eg. (at; eg. F3) > (Af; (g ((Vi ® Af;) » vi)) (Af; ^ Vs) 

^^^^^^ 

> {N* (gi ((AT* (g Fi) (g V2)) (g (AT* (g Vg) ^ ((AfT (g AT* ) (g (Fi (g ^2)) (AT* ® V3) 



^ (AT* (g (Vi (g ^2)) <g (AT* (g V3) ^ Af* (g (((Vi (g Va) (g Af;) (g Vg) 

!■ AT* (g ((at; (g (Vi ® Fa)) ® V3) !■ (Af^ (g Af* ) (g ((Vj (g V2) <g Vs) 

> N* (g ((Vi ® ^2) (g V3) > N* (g (Vi (g (Va (g Vs)) 
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By functoriality of associativity and commutativity isomorphisms, we have 

where = -BAr*®Af* ,i®2,7V* ,3, 

and 

where Aq = 55^* ,Ar*, 1^2,3- Then 

(1 ® $i23)(i;(^; ® 1) ® 1®^) = ® 1) ® ® $123) 

Finally, we have 

r($) Ji02,3(^i2 <8) ® i;2 O t-s) = 

= ® 1)) l®3)(i®3 ^ $,23)^6(1®' ® /3i®2,iv; ® 1®')A(^2 ® 1®') 

(1 (8) /3iv;,i <8) (g) 1 (8) ^V2^ V3)(«- 

On the other hand, the map Ji,2(g)3(l 'Si J2z)^D corresponds to the com- 
position: 

■/l,2(g)3(l ® J2?,)^ d{vi<SiV2 V3) = 

(1®^ (8) /32,iv; 1)(1 <8 1 <8 A[)^d{vi 0V2 V3){1 

where 

A'l = -BAf* 2,7V*,3 A'^ = Bn*1,N*,2(S3 

A' — A' — 

^2 — -°Af*,iV*,2,3 ^4 — -"iV* ,7V*,l,2(g)3 

illustrated by the diagram 

i— l(g)i_ 

L_ L_ (g) L_ L_ (gi (L_ (gi L_) 



*D (vi®f2®''3) 

5- (iV:^ (S> Vi) ((iV; ® V2) <S) (A^; ® Vs)) > (N^ » Vi) ® (at; ® ((Va ® N^) ® V3)) 



(AT* (g) Vi) (g) (AT* (g ((AT* (g Vz) (g V3)) ^ (AT* (g Vi) (g ((AT* (g Af* ) (g (Va (g V3)) 



(iv:;: (g Vi) <g (iv; <g (V2 (g v^s)) > ((Vi (g Af* ) (g (Vj (g Vs)) 

-^^ iv; (g ((Af; (g Vi) (g (^2 ® V3)) > {Ni (g at;) » (Vi ® (Vz ® Vs)) 



> Nl ® (Vi (g (\/2 ® V3)) 

By functoriality of associativity and commutativity isomorphisms, we have 

4(1®^ 0i*+0 = (8) ® 
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where vlg = BN^,i,N^(^Nl,2m^ 

(1 /3l,iV; ® 1®2)(1®2 ^ ^ i®2) ^ ^1 ^ ^ ® 

and 

A'^{i ® ® 1®^) = (1 ® i; i^^)a'q 

where A'g = ,^;^7v;,i,2»3- Then we have 

-^1,203(1 ® J23)^d{vi(E>V2 ® V3) = 

= ax ® i®^)((i i;) 1^3)4(1 ^ /3i,^;«iv; ^ i®2)^[,(i«2 ^ 

/32,7V; O 1)(1 1 ^'i)$z)(t'l (8)^^2 f3)(l 

Call yl : ((7V; ® Fi) O (iV; (g) 1/2)) O (iV^ ® 1^3) ((^V^ ® iV^) ® iV^) ® ((Vi ® 
V2) (8> V3) the map 

A = /3,^2,iv; ® 1®')A(^2 ^ C5 /37v;,i ® l^^){Ai ^1^1) 

and S : (at; O Fi) ® ((iV; ^2) «> {N^ ® V3)) ^ (A^^ O (iV; ® A^;)) O {Vi O 
(V^2 <8) V^3)) the map 

B = A'f^{l ® /3i,jv;®iv; ® 1^2)4(1®^ A'2)(l®^ ® ySa.jv; ® 1)(1 ® 1 (8) ^'J 

We have to show that the following diagram is commutative: 

L- 



(i-Sii-)i- 



(L_ lglL_) ® L_ 



((A^:;: ig) Vi) ® (Af; » V2)) o (at* o V3) 



{{Nl (81 iV* ) ® iV* ) (gi ((Vi ® Fa) V3) 



iV* ® ((Vi (81 Fa) V3) 



L_ ® (L_ L_) 



*d(i'1®U2®"3) 



(AT* ® V\) (g) ((Af; ® Va) IS) (Af; ® V3)) 



(AT* ® (AT* (g) AT* )) (gi (Vi (gi (V2 (g) Vs)) 



1®* 



iV* (g (Vi ® (^2 (g V3)) 



Using the pentagon and the hexagon axiom, we can show that 

($ (8) ^)A = B^ 

We have to show that 

r($) Ji®2,3('^12 18) l){vi ®V2<Si V3) = Jl,2(g>3(l <^ J23)^d{vi V2 ® V3) 
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in Homg(L_, Af| ® {Vi (g) {V2 ® F3))). Now, 

= (i+(l O (S) 1^^)B^d{vi (g)V2(S) V3){1 (g) 

= i;) (g) ^ ^2 ^ ^3)(i ^ ® 1) 

= ® iX) «) 1^^)(($ (g) «>)^(vi t;2 (g) W3)(i- ® l)i-(l-)).(«>^^ (g) 1) 

= (1 (g $)((i;(l (g i;)«>) (g l®^){A{vi (g)V2(g V3){i- (g) .($^^ ® 1) 

Set 

O 1-2 V3){i- ® l)i-(l-) = ® /" O /"') ® {v' ® f'") 

with (/' ® /" ® /"') € (N^)^^ and (w' ® v'") € {Vi O ^2 O V^s)- Then 

A,2Cxj3(l ® J23)^Divi (g) U2 (g) ^s) = 

= (1 ® $)((i;(i i;)^') 1®') ( ® /" ® /"') ^ K v" ® ^;"')) .(^-D 
= (1 ® ^ !))(/' ^ r ^ ro) ® w ® t;" ^ v'") 

= (1 (g (g) 1)) (g) f2 g) 'y3)(i- O 

= r($) Ji^2,3(^12 ® (^V2® fa) 

□ 

This complete the proof of Theorem 5.1. 

6. Quantization of Verma modules 

This section and the next contain results about the quantization of clas- 
sical Verma modules, which are required to construct the morphism of D- 
categories between the representation theory of [/0[[?i]] and that of UriQ. In 
particular, from now on, we will assume the existence of a finite N-grading 
on Q, which induces on g a Lie bialgebra structure and allows us to consider 
the quantization of 3 through the Etingof-Kazhdan functor, U^^q. 

6.1. Quantum Verma Modules. Because of the functoriality of the quan- 
tization defined by Etingof and Kazhdan in [EK2] , in the category of Drinfeld- 
Yetter modules over U^^g^ we can similarly define quantum Verma modules. 

The standard inclusions of Lie bialgebras gj- C g — 'Dq^ lift to U^^q± C 
U^^Q ~ DU^^Q-, and we can define the induced modules of the trivial 
representation over U]^^g± 

Ml = lnd%' kim 
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Similarly, we have Hopf algebra maps U^^p± C U^^g and U^^p± — >■ 
U^^go, and we can define induced modules 

We want to show that the equivalence F^^ : y'D^{Ug-)[[h]] 3^'D^EKg_ 
matches these modules. We start proving the statement for M_,MT. 



6.2. Quantization of M±. We denote by (M^)* the ^g-module 

Theorem. In the category of left U^^g -modules, 

(a) F(M_) ~ Ml 

(b) F{Ml) ~ (Ml)* 

Proof. The Hopf algebra U^^g- is constructed on the space F{M^) with 
unit element u £ F{M-) defined by u{l-) = e+ ® 1_, where e_|_ G is 
defined as e+(a;l+) = e(x) for any x G C^fl+. Consequently, the action of 
U^^g- on n G F{M^) is free, as multiplication with the unit element. The 
coaction of U^^g- on F{M ) is defined using the 7^- matrix associated to 
the braided tensor functor F,i.e., 

■K*M_^ : F{M^) F{M^) (g) F(M_), tt*{x) = TZ{u (g, x) 

where x G F(M_) and TZvw e EndjjEK^iF{V) <g) F{W)) is given by TZyw = 

(jJ^yF{(5vw)Jvw-i {Jv,w}v,weyVij^_ being the tensor structure on F. It 
is easy to show that J{u®u)\i_ = e+ (g) 1_ ® 1_, and, since (g) 1_) = 0, 
we have 

TZiu ®u)=u®u 

For a generic V G !VI^;7g_ [[^]], the action of U^^g*_ is defined as 

F(M_)* ® F{y) F{M_)* F(M_) ^ 

This means, in particular that, for every (f) ^ I d U^^g*_, where / is the 
maximal ideal corresponding to u"*", we have = 0. This proves (a). 

The module satisfies the following universal property: for any V in 
the Drinfeld category of equicontinuous ?7g-modules, we have 

RomusiV, Ml) ~ Homc/g_ {V, k) 

Indeed, to any map of J/g-modules f : V ^ Mjji, we can associate / : 
y k, f(v) = {f{v),l+). It is clear that / factors through V/g-.V. The 
equicontinuity property is necessary to show the continuity of / with respect 
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to the topology on V. 

Since F defines an equivalence of categories, we have 

Hom^EKg(F(y),F(M;)) Romu,{V,Ml)m] ^ Romu,_{V, k)m] 

Using the natural isomorphism ay '■ F{V) V[[h]], defined by 

= (/(!-), 1+^ id) 

we obtain a map Hom[7g_ (V, k)[[h]] Homk(F(F), k[[/i]]). Consider now the 
linear isomorphism a : U^^Q- Ug-[[h]] and for any x € Ug^ consider 
the 0-intertwiner ipx ■ M_ — > M| (g) M_ defined by i'xi'^^-) = e+ (X" It 
is clear that, if /(1~) = /(i) (8> /(2) in Swedler's notation, 

otvii^x.f) = ((iX®id)^"Hid®/)(e+®x.l_),l+(»id) 

= (^>~i(e+ ®id(8id)(id(g)A(x))(id(»/(i) (g)/(2)),(T(»id)(l+ 
= (A(x)(/(i) ®/(2)),l+^id) 

= (/(i),l+)a;-/(2) 
= x.avif) 

using the fact that (e (g) 1 (g) !)($) = 1®^ and (e ® 1)(T) = 1. So, clearly, 
if G Homc/g_(y, k), then o ay G Hom^EKg_ k[[;i]]). Then F(M*) 

satisfies the universal property of Homk(Ind ek '^[[^]]) '^[[^]]) &nd (6) is 
proved. □ 

6.3. Quantization of relative Verma modules. The proof of (6) shows 
that the linear functional F(Afjji) — )■ k[[?i]] is, in fact, the trivial deformation 
of the functional Afjjl — > k. These results extend to the relative case and 
hold for the right g£)-action on L_, N^. 

Theorem. In the category 3^D^EKg_ 

(a) ~ L'i 

(b) F{Nl) ~ (A^^)* 
Moreover, as right U^^QD-module 

(c) Fz5(L_) ~ L'i 

(d) Fd(a^;) ~ (A^t)* 

The proof of (a) and (6) amounts to constructing the morphisms 
equivariant under the action of f7|'^p4- and U]^^p- respectively. 



A direct construction along the lines of the proof of Theorem 6.2 is how- 
ever not straightforward. We prove this theorem in the next section by 
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using a description of the modules L^,N^ and their images through F 
via Prop categories. These descriptions show that the classical intertwiners 

satisfy the required properties and yield canonical identifications 

7. Universal relative Verma modules 

In this section, we prove Theorem 6.3 by using suitable Prop [product- 
permutation) categories compatible with the EK universal quantization func- 
tor [EK2, EG]. 

7.1. Prop description of the EK quantization functor. We will briefly 
review the construction of Etingof-Kazhdan in the setting of Prop cate- 
gories [EK2]. 

A Prop is a symmetric tensor category generated by one object. More 
precisely, a cyclic category over S is the datum of 

• a symmetric monoidal k-linear category (C, whose objects are 
non-negative integers, such that [n] = [1]®" and the unit object is 
[0] 

• a bigraded set S = |J„^ nGZ>o morphism of C, with 

Snm C Homc(H, [n]) 

such that any morphism of C can be obtained from the morphisms in 5* and 
permutation maps in Homc([m], [m]) by compositions, tensor products or 
linear combinations over k. We denote by J-s the free cyclic category over 
S. Then there exists a unique symmetric tensor functor Fs C, and the 
following holds (cf. [EK2]) 

Proposition. Let C be any cyclic category generated by a set S of mor- 
phisms. Then C has the form Fs/I, where I is a tensor ideal in Fs- 

Let A/" be a symmetric monoidal k-linear category, and X an object in A^. 
A linear algebraic structure of type C on X is a symmetric tensor functor 
Gx ■ C ^ M such that (7_x([l]) = X. A linear algebraic structure of type 
C on X is a collection of morphisms between tensor powers of X satisfying 
certain consistency relations. 

We mainly consider the case of non-degenerate cyclic categories, i.e., 
symmetric tensor categories with injective maps A;[Sri] — > Homc([ra], [n]). 
We first consider the Karoubian envelope of C obtained by formal addition 
to C of the kernel of the idempotents in fc[6„] acting on [n]. Furthermore, we 
consider the closure under inductive limits. In this category, denoted S{C), 
every object is isomorphic to a direct sum of indecomposables, corresponding 
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to irreducible representations of (3„ (cf. [EK2, EG]). In particular, in S{C), 
we can consider the symmetric algebra 

n>0 

If M is closed under inductive limits, then any linear algebraic structure of 
type C extends to an additive symmetric tensor functor 

Gx ■■ S{C) ^ M 

We introduce the following fundamental Props . 

• Lie bialgebras. In this case the set S consists of two elements of 
bidegrees (2, !),(!, 2), the universal commutator and cocommuta- 
tor. The category C = LB A is Ts/I, where I is generated by the 
classical five relations. 

• Hopf algebras. In this case, the set S consists of six elements of 
bidegrees (2, 1), (1, 2), (0, 1), (1, 0), (1, 1, ), (1, 1), the universal prod- 
uct, coproduct, unit, count, antipode, inverse antipode. The cate- 
gory C = HA is Ts/I, where X is generated by the classical four 
relations. 

The quantization functor described in Section 4 can be described in this 
generality, as stated by the following (cf. [EK2, Thm.1.2]) 

Theorem. There exists a universal quantization functor Q : HA S( LBA ). 

Let Q- be the canonical Lie dialgebra [1] in LB A with commutator and 
cocommutator 6. Let Uq- := Sq- € S( LBA ) be the universal enveloping 
algebra of g_. The construction of the Etingof-Kazhdan quantization func- 
tor amounts to the introduction of a Hopf algebra structure on Uq-, which 
coincides with the standard one modulo (6), and yields the Lie bialgebra 
structure on 0_ when considerd modulo {6'^). This Hopf algebra defines the 
object Q[l], where [1] is the generating object in HA . The formulae used 
to defined the Hopf structure coincide with those defined in [EKl, Part II] 
and described in Section 4. In particular, they rely on the construction of 
the Verma modules 

M_:= Sg_,M; = 5^ 
realized in the category of Drinfeld-Yetter modules over g_ as object of 
LBA . 

7.2. Props for split pairs of Lie bialgebras. Let {Q-,gD,-) be a split 
pair of Lie bialgebras, i.e., there are Lie bialgebra maps 

i p 

Qd- g- -> qd- 

such that p o i = id. These maps induce an inclusion Sg/j^^ C 2^0- and 
consequently an inclusion of Manin triple {9d,9d,-,9d,+) C (0,0-, 0+), as 
described in Section 5.2. 
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Definition. We denote by PLBA the Karoubian envelope of the multicol- 
ored Prop, whose class of objects is generated by the Lie bialgebra objects 
[0-], [Sd ,-], related by the maps i : [Qd-] ^ [S-] , P ■ [Q-] ^ [do-], such 
that po i = id[g^ j. 

The Karoubian envelope implies that [m_] := ker(p) G PLBA . 

Proposition. The multicolored Prop PLBA is endowed with a pair of func- 
tors U,L 

U,L: LBA ^ PLBA ;7[1] := L[l] := [qd,-] 

and natural transformations i,p, induced by the maps i,p in PLBA , 

u 




such that p o i = id. Moreover, it satisfies the following universal property: 

for any tensor category C, closed under kernels of projections, with the same 
property as PLBA , there exists a unique tensor functor PLBA — )• C such 
that the following diagram commutes 




7.3. Props for split pairs of Hopf algebras. We can analogously define 
suitable Prop categories corresponding to split pairs of Hopf algebras. In 
particular, we consider the Prop PHA characterized by functors Uf^, Lji and 
natural transformations pn, in satisfying 




where HA denotes the Prop category of Hopf algebras. These also satisfy 



HA 



-^S( LBA ) 



4 S( PLBA ) 



PHA 



where Qplba is the extension of the Etingof-Kazhdan quantization functor 
to PLBA , obtaine by the universal property described above with C = 
Si PLBA ). 
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7.4. Props for parabolic Lie subalgebras. In order to describe the mod- 
ule Ni^ it is necessary to deal with the Lie bialgebra object p_ or, in other 
words to introduce the double of Qd,- and the Prop Dq{LBA) [EG]. We 
then introduce the multicolored Prop as a cofiber product of PLBA and 
Dm( LBA ) over LBA . 

Proposition. The multicolored Prop PLBAD is endowed with canonical 
functors 

D®{LBA) PLBAD ^ PLBA 
and satisfies the following universal property: 



LBA 



double 



^D^{LBA) 




-4C 



where double is the Prop map introduced in [EG]. 

In PLBAD we can consider the Lie bialgebra object [p_ 



7.5. Props for parabolic Hopf subalgebras. Similarly, we introduce the 
multicolored Prop PHAD , endowed with canonical functors (cf. [EG]) 

D^{HA) PHAD ^ PHA 

and satisfying an analogous universal property: 



HA 



double 



^D^iEA) 




-4C 



Moreover, we then have a canonical functor 

QpLBAD ■■ PHAD ^ S( PLBAD ) 
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obtained applying such universal property with C = S( PLBAD ) and satis- 
fying 



HA 



double 



PHA 



-^PHAD 



5 (double) 



D^iHA) 



Q2 



^S{Ds,iLBA)) 



S( PLBAD ) 



S( LBA ) 



S( PLBA ) 

The commutativity of the square on the back is given by the compatibility 
of the quantization functor with the doubling operations, proved in [EG]. 

7.6. Prop description of L^,N^. The modules L^,N^ can be realized in 
PLBAD . The module L_ is constructed over the object Sm- € PLBA . The 
structure of Drinfeld-Yetter module over 0_ is determined in the following 
way: 

(i) the free action of the Lie algebra object m_ is defined by the mul- 
tiplication maps 

5m_ (g) Sm- Sm- 
given by Campbell-Hausdorff series. 

(ii) we define the action of Qd,~ to be trivial on 1 — )• 5m_. 

(iii) The actions of m_,0D^_, the relation 

vr o ([, ] (g) 1) = TT o (1 (g) tt) — vr o (1 (g) vr) o fji2 
and the map [, ] : Qd,- "g" iri- ^ define the action of 0_. 

(iv) We then impose the trivial coaction on 1 — > Sm- and the compat- 
ibility condition 

7r*|m- = vr* o vr = (1 (g) 7r)o-i2(l vr*) - (1 O tt){5 1) + (/i (g) 1)(1 vr*) 
determines it for S'm-. 



(v) The action defined at (iv) is compatible with [, ] : Qd- ®Tn- — > tn_ 

Similarly, the module can be realized on Sp-, formally added to 
PLBAD . 
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7.7. Proof of Theorem 6.3. The relative Verma module 



m_ 



k ~ ind^_ Uqd 



satisfies 



for every J/g-module V. We have a canonical map of p_-modules pD '■ 
Uqd — > ^+ corresponding to the identity in the case V = N^. We get a 
map of p_-modules : — > Uq^ inducing an isomorphism 



p'd 

Assuming the existence of a suitable finite N-grading, a split pair of Lie 
bialgebras {q-,qd,-), gives rise to a functor 



Consider now the trivial split pair given by {qd-,Qd-)- We have a natural 
transformation 



where p naturally extends to the projection p_ —¥Qd- 

The module U{qd)* is indeed the module with respect to the trivial 
pair Consequently, the existence of the p_-intertwiner p*jj can 

be interpreted as a simple consequence of the existence of natural transfor- 
mation p. 

The quantization functor Qplbad extends the natural transformation p 

to 



Homc7g(F, iV;) ~ Homc7p_ {V, Ug},) 
The morphism p*^ can indeed be thought as 

Up- iv; > iv_; 



PLBAD Vect 



(s-.gc,-) 




Vect 



{5d,-,Sd,-) 




Vect 



and shows that 
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Similarly, we can consider the natural transformation S{i) and the dia- 
gram 



Vect 




implying 

F(L_) ~ 

We can make analogous consideration for the right g/j-action on L^,N* 
This leads to isomorphisms of right U^^q n^modules 



ti\* 



8. Chains of Manin triples 

8.1. Chains of length 2. In Section 6, given an inclusion of Manin triples 
: 0_D ^ 0, we introduced the relative quantum Verma modules 



7-EK, 



L'i=Ind^W k[[/i]] Nl 

These modules allow to define the functor 

Tr, : Rep(C/,fK0) ^ Rep([/|^^0D) 

by 

r,(V) = Hom^EKglL'i, V) 

This functor is naturally isomorphic to U^^{ij:))* . Moreover, this is trivially 
a tensor isomorphism. We now prove the following 

Theorem. Let g, g/j he Manin triples with a finite Z-grading and in ■ Qd ^ 
g an inclusion of Manin triples compatible with the grading. Then, there exists 
an algebra isomorphism 

restricting to ^f)^ on U^^qd, where the completion is given with respect to 
Drinfeld-Yetter modules. 

Proof. In the previous section, we showed that the quantization of the 
(C/|^^g,;7|^^0D)-modules A^_;,L_ gives 



rrEK„ 

?EK/AT*\ 



rrEK- rrEK„ 



:pEK 
D 



50 A. APPEL AND V. TOLEDANO LAREDO 

Recall that the standard natural transformations ay : F^^(y) ~ ^[[^]]) 
{(Xd)v '■ F^^{V) ~ V[[h]] give isomorphisms of right ?70£)[[^]]-modules 

F^^<{Nl) ~ Nl[[h]] F^^{L_) ~ L4[h]] 
and isomorphisms of f/fl[[/i]]-modules 

F^^(7V;) N*4[h]] c L4[h]] 

In particular, we get isomorphisms of right L'l'^gD-modules 

fE^of^^{ni) ~ fE^{nx) ~ {NlY fE^of^^{l_) ~ fE^{l_) ~ 

and isomorphisms of f/|'^0-modules 

fE^oF^^{NI) ~ F^^{Nl) ~ {NlY fE^oF^^{L^) ~ F^^{L^) ~ 
We have a natural isomorphism through J: 

Homt;EKg(F(L_),F(Ar;) ® F{V)) ~ Homg(L_, A^; 

This is indeed an isomorphism of [/0/)[[^]]-modules, since, for x G Uqdi 
(p G Hom[^EKg(F(L_),F(Af*) (g) we have 

x.^ := {F{x) (8) id) o Jo (g) id)) = F(a; (g) id) o J 

Quantizing both side and using the isomorphism F^^ o F^N^) ~ {N^)*, 
we obtain a natural transformation 

7D : Tft o ~ fE^ o T 

making the following diagram commutative 

Rep^iUg[[h]]) ^ > Rep(C/nfl) 

^ ^^...^^^ 

-I- 2g=^ pEK 

Rep$^([/5D[[^]]) — )-Rep(C/;^0D) 

Applying the construction above to the algebra of endomorphisms of the 
fiber functor, we get the result. □ 

8.2. Chains of arbitrary length. For any chain 

C : = 00 C 01 C • • • C 0„_i C 0„ = 
of inclusions of Manin triples, the natural transformations 
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where < z < n — 1, Tq,! : 'D^(gi) Vect^jj/j]] is the EK fiber functor, and 
Fq^ = id, yield a natural transformation 

7C = 70,1 o • • • o Jn-l,n 

€ Nat«(r(;^i o . . . o r^_i o ro,i o • • • o r„_i,„) 
- Nat«((iS, J'^ o ro,i o . . . o r„_i,„) 

= Nat55(F„^^,ro,io...or„_i,„) 

where we used r[*^_,_]^ = {i*^^iY^, and the fact that the composition {i^n)^ o 
is the EK fiber functor for which we denote by the same symbol 
as F„^^. 

This proves the following 

Theorem. 

(i) For any chain of Manin triples 

C : 00 ^ 01 ^ • • • ^ 0n ^ 

there exists an isomorphism of algebras 

such that ^'c(C^f^0i) = f^0i[[^]] for any Qi G C. 

(ii) Given two chains C, C, the natural transformation 

^cc := 7c'^ 07c e Aut(F^^) 

satisfies 

Ad($cc')^c' = 

9. An EQUIVALENCE OF QUASI-COXETER CATEGORIES 

The following is the main result of this paper. 

Theorem. Let q be a symmetrizable Kac-Moody algebra. Then the comple- 
tion UjiQ is isomorphic to a quasi- Coxeter quasitriangular quasibialgebra of 
type Dg on the quasitriangular Dg-quasibialgebra 

where the completion is taken with respect to the integrable modules in cat- 
egory O. 

9.1. D structures on Kac Moody algebras. Let A = (ajj)j jgi be an 
irreducible, generalized, symmetrizable Cartan matrix, = 0(A) the corre- 
sponding Kac-Moody algebra defined in Section 4. Let Dg = -D(A) be the 
Dynkin diagram of 0, that is, the connected graph having I as vertex set 
and an edge between i and j if aij ^ 0. For any i € I, let 5I2 C be the 
three-dimensional subalgebra spanned by Ci, fi,hi. 
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Let J be a nonempty subset of I. Consider the generalized Cartan sub- 
matrix of A defined by 

Aj = {aij)ijeJ 
We recall the following proposition from [K, Ex. 1.2] 

Proposition. Let 

nj := {aj I j G J} ny := {h, | j G J} 
Let f)j be the subspace of f) generated by Hj and 

tj = Ker aj = {het}\ {aj, h) = Vj G J} 

Let f)j be a supplementary subspace of f)j + t j in^ and let 

f}J = f)S © f)j 

Then, 

(i) ([)j,nj,ny) is a realization of the generalized Cartan matrix ^3. 

(ii) The subalgebra gj C Q, generated by {ej, fj}jej and is the Kac- 
Moody algebra associated to the realization ([)j,nj,nj) of Aj. 

Set 

Qj = ^ZajCQ g = 5(A) = 0ga 



Then, 
(iii) 



oeQj\{0} 



Any connected subdiagram D C defines a subset J/j C I. The assign- 
ment J — 7> gj defines a structure of D-algebra on g. 

Remark. The derived algebra gj is generated by {ej, fj, hj}j^j, where hj = 
[ej,fj]. Therefore, it does not depend of the choice of the subspace f)j and 
the Z'-structure described above coincides with the one provided in [TL4]. 

Remark. If A is a generalized Cartan matrix of finite type, f)j = {0} for any 
subset J C I. Therefore, the Z)g-algebra structure on g = g(A) is uniquely 
defined by the subalgebras {C/slHiei and the Cartan subalgebra is defined 
for any subdiagram D C Dq by 

l)D = {hi\ie y{D)} 

Similarly, if A is a generalized Cartan matrix of affine type, we obtain dia- 
grammatic Cartan subalgebras ijD, where 

^ / {/ii I i G V(Z?)} if DCD, 

f) if Z? = Dg 
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Remark. A different, simpler structure of -D-algebra on q is given by the 
Levi subalgebras of g corresponding to subdiagrams of Dq . 

9.2. qCqtqba structure on Uj-iQ- The quantum enveloping algebra UjiQ 
is naturally endowed with a quasi-Coxeter quasitriangular quasibialgebra 
structure of type Dg defined by 

(i) Dg-algebra: for any D G SD(Dg), let qd C ghe the corresponding 
Kac-Moody subalgebra. The -D^-algebra structure is given by the 
subalgebras {U^qd}- 

(ii) Quasitriangular quasibialgebra: the universal i?-matrices {Rh,D}y 
with trivial associators = 1*^^ and structural twists Fjr = 1®^. 

(iii) Quasi-Coxeter: the local monodromies are the quantum Weyl 
group elements. The gauge transformations ^gj^ are trivial. 

We transfer this qCqtqba structure on ?70[[^]]. More precisely, we de- 
fine an equivalence of quasi-Coxeter categories between the representation 
theories of UfiQ and f70[[/i]]. 

9.3. Gauge transformations for 0(A). For any D C Dg, the inclusion 
Qd C 0, defined in the previous section, lifts to an inclusion of Manin triples 

0D e f)D c e f) 

We denote by qd = {qd © ^D, ^'_D,+, i'D,-) the Manin triple attached to qd, 
for any D C Dg. 

In this setting, the natural transformations ^bb'j B C B' C Dg con- 
structed in Section 8, define, by vertical composition, a natural transforma- 
tion 

7§B' € Nat^(r|s,oF|,^,F|^orBBO 
for any chain of maximal length 

C : S = Co C Ci C • • • C a = 

Any chain of maximal length defines uniquely a maximal nested set J-q G 
Mns(-B, S'), but this is not a one to one correspondence. For example, for 
-D = A3, the maximal nested set 

^ = {{ai}, {"a}, {ai,"2,a3}} 

corresponds to two different chains of maximal length 

Ci : {ai} C {ai} U {03} C A3 C2 : {03} C {ai} U {03} C A3 

In order to prove that the natural transformations 7 define a morphism of 
braided L>g-monoidal categories, we need to prove that the transformation 
7^^, depend only on the maximal nested set corresponding to C. 
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In particular, we have to prove that, for any Bi _L B2 in I{D), the con- 
struction of the fiber functor 

CB1UB2 




is independent of the choice of the chain. In our case, 

CB1UB2 = Rep{UQBi[M ® U9B2M]) 

and the braided tensor structure is given by product of the braided tensor 
structures on 

Cbi = Rep$^^ {UgBi iM) Cb2 = Rep^^^ {Uqb2 IM) 

Similarly, the tensor structure on the forgetful functor 

CB1UB2 — ^ ^Bi i = 1,2 

is obtained kiUing the tensor structure on C^., i = 1,2, i.e., applying 
the tensor structure on C^. ^ Cg. In particular, the tensor structure on 
Fbi oFbi,BiUB2 and Fb^ o -Pbj .BiUBj coincide, since [9bi,9B2] = 0. 

Analogously we have an equality of natural transformation 

7Si o 7Si,BiUB2 = IB2 ° lB2,BtUB2 

Therefore, for any maximal nested set G Mns(S,S'), it is well defined 
a natural transformation 

7^5. G Nat^(r|B, o o Tbb') 

so that the data {{F§^},{^'^^t}) define an isomorphism of D-categories 
from {R.ep$^(f/0B[[/i]])} to {Rep(C/fi0B)}. More precisely. 

Theorem. There exists an isomorphism of braided Dg -monoidal categories 
from 

i{iRep^^{U9Bm]),^B,^B,aRB)},{i'^BB',JF')}) 

to 

({(Rep(C/,gB), id, aR%)}, {(rl^,, id)}) 
given by {{F^''},{1bb'})- 
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9.4. Reduction to category O™*. We showed in Section 4, the the Etingof- 
Kazhdan functor gives rise, by restriction, to an equivalence of categories 

We will show now that this equivalence can be further restricted to integrable 
modules in category O, i.e., modules in category O with a locally nilpotent 
action of the elements {ei,/j}jgi (respectively Ei,Fi). 

Proposition. There exists an equivalence of braided tensor categories 

which is isomorphic to the identity functor at the level of ^-graded k[[/i]]- 
modules. 

Proof. Let V e Cg°*. Then, the elements e,, fi for ? G I act nilpotently on 
V. Then, by [K], for all A € P(l^), there exist p,q £ Z>o such that 

e Z I A + toi € P{V)} = [-p,q] 

Since the Cartan subalgebra f) is not deformed by the quantization, the 
functor F^^ preserves the weight decomposition. In Ung, for any /i G and 
i € I, we have 

[h,Ei] = a,{h)Ei 

Therefore the action of the Eis on V is locally nilpotent. The action of the 
FiS is always locally nilpotent, since 

r 

P{V) C U D(A,) 

s=l 

The result follows. □ 
Corollary. There exists an isomorphism of D ^-algebras 

such that T{UhQDi) = f^0D, [[^]] for any Di G F, where the completion is 
taken with respect to the integrable modules in category O. 

9.5. Quasi— Coxeter structure. The previous isomorphism of braided Dg- 
monoidal categories induces on 

{m^mi®B,^B.<yRB)},{{^BB',jF)}) 

a structure of quasi-Coxeter category of tipe given, for any B B' in 
I{D), F,g e Mn5{B,B') and ieD,hy 

where : End(rf) ^ End(ri). 
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Theorem. UnQ is isomorphic to a quasi- Coxeter quasitriangular quasibial- 
gebra of type on the quasitriangular Dg-quasibialgebra 

9.5.1. Local monodromies. Clearly, the local monodromies Si satisfy 

A^(5i) = {Rif) ■ {Si ^ Si) 

since ^jr is given by an isomorphism of braided D-monoidal categories and 
therefore 

Similarly, the braid relations are easily satisfied, since 

Ad($gj-)^'^ = 

9.5.2. Associators. The associators ^jrg defined above satisfy the required 
properties. 

(i) Orientation For any elementary pair {J-,Q) in Mns{B, B') 

(ii) Coherence For any T.Q.'He Mns(B,B') 

HBi^rg) = {iBB^r^lBB' ° ilBB'T^ ° iIb' = HBi^ru) o HBi^ng) 
This property implies the coherence. 

(iii) Support The natural transformations 7"^, 7^ coincide above supp(J-', 
and below 3 supp(J-', ty). The support condition of <I>j-g follows. 

(iv) Forgetfulness Given two equivalent elementary pairs (J-", Q), {J-\Q') 
in Mns(-B, -B'), ^j^g and ^j^/gi are defined by the same elemen- 
tary operation from supp(J-', ty) = supp(J-'', ty') and 3supp(j^, ty) = 
3 supp(J'', and satisy therefore the forgetfulness property. 

Moreover, the associators clearly are gauge transformations of the tensor 
fiber functors, because they are given by composition of gauge transforma- 
tions. This concludes the proof of Theorem 9.5. 
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